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ABSTRACT 



This publication 
two-setnester sequence co««encing 
of the undergraduate program in 
University of Pittsburgh. The 



was developed as a portion of a 
at either the sixth cr seventh term 
electrical engineering at thei 
materials of the two courses^ produced 



by a rfjlMnTial science Foundation grant, are concerned with power 
con v^ra!|^ systems comprising power electronic devices, 
electromechanical energy converters, and associ ated - logic 
configurations necessary to cause the system to behave in a 
prescribjed fashion. The emphasis in this portion of the two course 
segueiice (Part 1) is on electric machinery analysis, lechnigues ^ 
applicable "to electric machines under dynamic conditions are 
anafyzed. This publication consists of seven chapters which ddal 
with:'(1) basic principles: (2) elementary concept of torque and 
generated voltage; (3) the generalized machine; direct current 

macirines; (5) cross field machines; (6> - synchronous machines; and (7) 
polyphase asynchronous machines. (HH) « 
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GENE RAL D ES CRIPTION OF PROJECT \ 

The overall objecH>/e of the pro|ect was development of a model two 
semester sequence of lecture--laboratory courses, senior yc^ir level, to prepare 
the undergraduate student with the necessary bactkground in electric machinery 
and to present the fundamental concepts of modeling power processing devices 
and circuits necessary for future professional activity In Power Processing. 

It is felt that the development of this sequence of courses will be 
of vital interest to educators. It will strengthen the Electrical Engineering 
curriculum because it will accomplish the following: 

1. moke the electric machinery , and power topics much 
^ more Interesting ond meaningful to the student. 

2. better preparation, Vor the student, for a productive 
^ professional career in this vital area. 

3. reinforce the learning gleaned from earlier courses 
in logic theory and solid state electronics. 

Courses involving the theory of electric machinery and associated 
phenomenon have always been an integral part of the electrical engineering 
undergraduate curriculum. Prior to 1950, colleges and universities were in 
more or less general agreement concerning the portion of the total curriculum 
devoted to electric machinery (and power) and to the specific course content. 
The technological-; developments associated with the 1940*s placed tremendous 
pressures upon the curriculum. The phenomena associated with new 
technologies - such as solid state theory, control system analysis etc. had 

( 



to bo Included and at the same time, the total time available for the first degree 

was even decreased In mony Instances. These pressures resulted In elimination or 

/ 

suppression of the "how-to-do" type courses and also resulted In a reduction of 
time allotted to certain areas within the curricula. The courses In electric 
machinery and power were victims of the latter economy. 

Usually, the electrical machinery courses (pre 1950) consisted of detailed 
study of the physical bspects of the particular machine and from these aspects, 
the input--output characteristics were deduced for the static, or steady state 
situation. Coincident with the widespread introduction of control system, or 
servo meclianisms, the time allotted for machinery was again reduced so that 
the majority of colleges and universities qttempted to optimize the machinery 
offering by presenting the subject matter as if it consisted of dcfvices with input- 
output terminals and considering that only these aspects of the machine were 
necessary for study of machine in dynamic systems. The rationale for this 
approach was that only a very small percentage of the students were interested 
in, or would be professionally involved -in, the design of the machine. The powe 
courses usually were completely eliminated from the curriculum. 

w 

The past few years have seen tremendous strides in the areas of solid 
state electronics and digital logic theory. The potential applications and 
useage of these technologies, taken in combination, are just beginning to be 
appreciated. The useage of these phenomena in electric rpachinery control and 
in power systems has opened a new era of technology, i^e., "Power Processing" 



or "Power CondlMonlng" . As evidence of Its importance - and the fact that the 

yhole concept needs research and definition - the Notlonol Aeronautics and Spa 

Administration, in its NASA Research Topics Bulletin SC/1^TB-12, dated 

September 14, 1966, stated: ^ 

"Development and application trends in electric power processing 
(conditioning) indicate a need for further fundamental research to 
explore and define the principles, and theoretical and physical 
limitations of- related circuits and components. Expected beneficial 
results of such research would include: a. The for>|iulation of 
theoretical criteria for physically realizable power processing 
circuits ond systems, b. The provision of meaningful guides 
and objectives to researchers in related fields (e.g. magnetics, 
dielectrics, semi-conductoi^, etc.) and c. The estgblishment of 
long-range goals for component development through the rigcirous 
analysis and- quantitative identification of performance limiting 
characteristics of components and related circuits". 

Several of the major electrical manufacturers have substantial research 
efforts underway in this general area. Many of the engineers working in this 
area are European. Whether it is inclination, desire, availability, or prior 
education that results in th is* manpower situation is pure conjecture. The facts 
tliat do emerge are that engineering students graduating from U.S. colleges 
and universities have not had an interest in electric machinery or power, they 
have not had formal training in the marriage of solid state devices, logic, 
and power systems, and they are not prepared to move into this important, 

.... ^ 

challenging, aspect of electrical engineering. 

As further evidence of professional conceit for including this type of 
material in the education and training^of engineers, it shduld be noted tliat 
this is a topic of concern to a group entitled, "Interagency Advanced Power 
Group". This group has a Power Conditioning Panel (under the Electrical 



Working Group). It Is composed of representatives from NASA, AFAPl, USAECOM 

and others. Indicative of thefr concern for this topic is the "Guest List" at 

their meeting of 8 December 1966. This list includes representatives from 

Westinghouse, ^Honeywell, Boeing, General Electric, TRW Systems, etc. as well 

OS personnel from MIT and Duke University. In the meeting minutes, under 

paragraphs 2.14 and 2.15 appear the following: 

. . . "The ultimate need (for work in this area) 1$ a power systems 
englneeir with broad education In electrical power engineering. 
Including a working knowledge of communications Ond system theory, ^ 
who understands the specified requirements and one who can A 
communicate with his colleaaues. Students are wary of going Into 
the field of conventional utility type power engineering. . .they are 
V looking toward more challenging fields, as electric power processing 
; could be if it were properly Interpreted an<J presented. 

Thus, it appears that a need does exist for educational courses (not "how-to" type 
training) that wiU better prepare undergraduates for productive careei^ in this 
field. Few, If any U.S. universities offer work with emphasis In Power 
Processing but there Is discussion and interest, which manifests Itself at pro- 
fessional meetings, in the topic. 

An ((bareness of the above stimulated our interest in the course 
development. 



The most descriptive assessment of the final orientation of the project is 
contained in the prefaces to Part I and Part II. Portions of tl^ese prefaces are 
as follows. 

A Quote from Prefpce to Power Processing, Part I 

This material was developed, as o portion of 0 two course sequence concerned 
with power conversion syitems^ comprising power electronic devices, electro-mechanical 
energy converters and associated logic configurations necessary to cause the system to 
behave in a prescribed ththi on. The emphasis In fhis portion of the two course 
sequence will be on electric machinery analysis* 



Electric maclilne^ro members of a large class of devices known generally 
as "electro-mechanical corK'erters" . The name Imples conversion of energy from 
elo^ical to mechanical form - or vice versa. The devices range from very 
small signal devices, such as microphones, through very large generators supplying 
as much as 1000 megawatts of power. In some devices, the mechanical motion 
Is linear; In others It Is rotary. All devic€§^ar© based, to an extent, on a 
common phenomenon and there are many fine textbooks which present a completely 
generalized approach to electro-mechanical energy conversion. Some of these 
texts are listed in Appendix 1. Time limitations preclude complete coverage of 
all aspects of electro-mechanical energy conversion. For this reason, the 
emphasis in ^i s course will Be restricted to the analysis techniques applicable to 
electric machines under dynamic conditions. , 

There are ^^f^y facets to the general area of electric machines. At one 
extreme Is the '^ecialized area of design oK specific macfitnes. At the other 
extreme is the applicption aspect of choosirl^ a machine for \ specific use or 
application. This cjjvrse will avoid detailed design aspects and will concentrate 
on analysis of performance. In order to become proficient in analysis, it will 
be necessary to closely examine some of the Internal processes involved in 
accomplishing the change in energy form, i.e., the torque and voltage producing 
processes, commutation, leakage, flux, etc., as well as the physical arrangement 
of various types of machines. 

The majority of electrical engineers who come into contact with electric 
machiiiDS are either designers of or analyzers of, systems of which the electric 
machine is an Integral part. Some systems are of the extremely simple "open" 
type. An example is a simple motor driving a load such as a tool, a pujmp, or 
an electric fan. The motor Is energized, comes up to spei)d and performs in 
the steady state. The control for this' system is usually arF "on-off" type and 
the transient performance of the motor is of limited interest. Ve|-y little skill 
is necessary to match morot voltage, speed, and torque ratings to the load 
requirement. However, as applications become more demanding and the machine 
becomes part of a complex system, or a process, a^^owledge of the transient, 
or dynamic, behavior is necessary. ' , 

The past few yeors have seen the advent of sophisticated control systems, 
widespread usage of computers and logic machines, and the development of semi-^ 
conductor devices with control features and power ratings which have had a tremen 
dous Impact on the design of systems involving electric machines- Indeed, a 
whole new area of specialization has emerged within the electrical engineering 
field. This is the area of "Power Processing" or "Power Conditioning*\ Power 
Processing involves conversion of power or energy from the form and levpl 
existing In the avgilable power to the form and level necessary for it^ utilization 
in some 'end' device. The ability to moke the necessary changes has been 
considerably enhanced by the development and cx>mmercial availobility of solid 
state (semi-conductor) devices. To make use of these devices, certain sequences 
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and combinations of ovenfs must be provided for. Thus, logic circuitry and 
computing maciilnes and their relationship to the semi --conductor devices must also 
be studied If skill and competence in system' design are to be achieved ♦ The 
other course in this two couise sequence concerned Itself with this relationship 
as well as the considerations involved when the logic sub-system - semi-conductor 
sub-s^'Stem is utilized to modulate electro-mechanical (electric machlne)^ converters 
Orid electrical level converters^ ^ 

Those courses were developed as a two semester sequence commencing at 
either t^e sl^th or seventh term of the undergraduate program In Electrical 
Engineering at the UniversiJ^ jj>f Pittsburgh. 

For the electric machinery portion^ student familiarity wlth^the following 
topics Is presumed: 

^ 1. electric and magnetic circuits, field theory and transformers. 

2. ^ a limited knowledge of linear system analysis and techniques 

to include Loplace Transform usage function and block . 
^ diagram representation. ^ ^ 

3. solving engineering problems on the analog and digital 
computer. 

Concurrent with the electric machinery portion of the two course sequence 
the student should have a first course in semi-conductor electronics and an 
exposure to logic circuitry principles. 

Quote from Preface to Power Processing, Part II 

This^ok Is Int^ded for use as a text In the senior elective course ^ ^ i 
"Power Processing H", Electrical Engineering Department, University bf Pittsburgh. 
The material presented here has been successfully used as t1ie course content for 
ty/o trimesters. Although several available books were considered and tried as 
texts, none were found to be suitable in the light of the objectives of the 
course, and therefore this book has been written to fulfill the needs of the • 
course , 

There are thTee objectives in the course "Power Processing H" which are: 
interesting uQdergraduate. students In' the power area of electrical engineering, 
providing the students with factual Information and some experience relating to 
semiiconductor power electronics, and to develop the students* ability to model 
^|fmyslcal problems. Student Interest Is fostered by the students" growing competence 
In the semiconductor power area, frequent classroom reference to the current 
engineering relevance of the types of problems being considered, and by making 
the problems and laboratory sessions as reolistic as possible. Also, the area of 
semlconductdr applications to power processing, the subject material of the course, 

\> 




is an area of great Interest and expansion in the present day power Industry and Is 
therefore "relevant"* Skill Iivjiiodeling Is encouraged in two ways* First, the 
problems the students gj^e'^requlred to work are framed In terms of real circuit 
elements* The students must decide what idealizations con be made. Secondly, 
as the course progresses, the sophistication of the modeling required to solve the 
problems In a reasonable time increases, and hopefully the students* skill will ^ 
increase os they work the gradually more sophisticated problems* • ^ 

• 

The author considers modeling the most Important asp^ect of the course as ^ 
reflected by the subject material and organization of this bo^k* Two of the most 
valuable attributes of an engineer are his ability to assimilate new technology, 
and his ability to apply basic science and technology (new or old) to new problems* 
Without these attributes, the engineer is soon relegated to the position of a 
competent technician. One of the most, if not the most, powerful tooliLused 
to maintain thesta attributes Is the engineer's skill In modeling physical prooJemS; 
that is, to simplify tfte problem to the extreme so that the basic parameters and 
operations becortie obvious, and then to replace the necessary complexities until 
the model sufficiently approaches the real physic<il problem to give valid 
engineecing answers. The author therefore feels tha^ the ^ain in examining and 
modeling the problems in some detail far outweigh the disadvantage that less 
material (fewer circuits, problems, and applications) can be considered in the y 
given time* ' \ 

Ther^ are spverol reasons for stressing modeling in the particular course 
on semiconductor poKver processing. The prlrnary objective in offering the course 
"Power Processing H" is to interest studfenl^^^i^pilhe power area of engineering* 
By incorporating the learning of a fundamentat<9ngineering skill (modeling) 
into the course, it may be possible to attract more of the "uncertain" students 
who may not want to commit themselves to a specific area of electrical 
engineering. The subject moterial may then provide sufficjent challenge to 
interest these students in power engineering* Also, starting from the students 
undergraduate background in electronics, logic, and physics, the students^ 
actually experience the extension of their knowledge into an unfamiliar 
technological area (semiconductor power processing) using the tool of modeling 
as well as using modeling to solve complicated problems* And of course, even 
the simplest problems in power processing can only^e solved by the straight- 
fc^rward application of Kirchoff's laws with utm9St difficulty, further impressing 
upon the studfent the value of modeling as a problem solving tool. 

The laboratory requires some special mention. The laboratory problems 
do not designate specific experiments to be performed by the students, nor is 
a "typicbl" formal laboratory report required of each student. While real-life 
situations sometimes require a "laboratory report", as in the testing and 
evaluation of an item or system, the most frequent use of an industrial 
laboratory is as an aid to finding the answer to a problem. The realistic 
l^oratory problem associated with any pfoblem is "What laboratory experirrent^ 



should be done?" The student Is given the choice of using the laboratory to 
gather data, confirm his theory, checlc asiumptlons, as an aid to understanding 
device or circuit operation, ,or any combination of these. The students are 
not permitted to enter the laboratory without d "plan" In which each student 
musf Identify a specific objective for, the laboratory experiment, and" a detailed 
plan to carry out the experiment. Thfe students are graded on the basjs of 
how. effective theiiH^Ebfatory objective will be in enabling them to sof^e the 
problem, and whether th'elr detailed plan has a reasonable assurance of 
enabling the students to accomplish their Immediate objective. After the 
laboratory session, the students complete their a'ssigned problem, presenting 
Van answer" which is backed up by laboratory experiment and data. This'' 
type of laboratory has prove4||tOch more interesting to the studenfs and seems 
more In keeping with an engineering education than simply "verifying calculations" 
or "demonstrating effects." 

f- 

End Quote 



The courses were developed on the basis of determination of what should 
be in the course and the general^ approach to the method of presentation. 
Dr.^T. W. Sze of the University of Pittsburgh and Mr. Alec H. 'B. Walker 
of Westinghouse Research and Development were active in the former activity 
and worked closely with Dr. Frank E. Ack^r and Dr. H. B. Hamilton throughout 

the life of the project. Class lecture notes were -prepared, presented, revised, 

\ . 

presented again and again revised based on the classroom experience and 
student reaction. ► s 

Student reaction has been favorable, especially in the power semi- 
conductor work In Part W, It is the authors opin>or\ that Part I, Electric 
Machinery Analysis, Is excellent for the average and above average student 
However, the below average student does have a difficult time with the 
material because of the mathematical rigor involvfed in the presentation. 



n 



, 10 

Empfitisls throughout 1$ on modeling techniques. Students \vho develop 
the ability to model devices and systems seem to be well prepared for professional 
careers 4 n both design and analysis. Further^ the ability to model an entity 
Insures that the student does have the capability for professional Involvement 

in new and different activities and situations. It appears to mitigate agalnjt 

^ . . ■"^•^ 

early technological obsolescence. 

I ■ 

Two different Individuals had direct responsibility for the two corses and 
the text material which- evolved has different formats. ^ 

': • 

Part I, "Electric /v\achlnery Analysis", consists of three bound booklets - 

I. • , V 

the lecture notes, a problehi manual, and a laboratory manual. The lecture 

notes emphasize modeling of a generalized machine ar>d resulting dynamic 

equations are then reduced (or modified) to portray specific types of real 

machines. Steady state behavior Is obtained by an application of the Final 

Value Theorem to the Laplace transform of the destrlblng equations. The 

laboratory work is an effort to rplate th^dynamic model studied in the class- 

room to the real world machine. The problems, from a variety of sources, 

serve to Illustrate the lecture material. 

Part II, "Mode-ling Power Processing Devices and Circuits" deals 

with pbwer semiconductors - modeling their behavior, the thermal and other 

application problems and utilization of the theory to design and analyze a 

d,c. motor drive. Problems have been formulated and Inserted In^the te^. 

Laboratory ' pfobldms are also included at the end of each chapter which provide 

exercise in the laboratory application of classroom tl^ory.^ 
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■ DISTRIBUTION | 

^ ' .A set of the resulting project material, wltF^the lettei* of transmlttaj 
detailed as Attachment 'l to this report^has been forwarded to each^ectrical 
Engineering Department In the U.S^A* and Canada^ 

In addition, r^squests for the material have beei^ received from Mexico, 
Colombia, jZhile and Greece* At this- time, no firm decisions on publication 
and additional distrlbuHon have been formulated. Requests for suggestions 
have been sent out with the sets of project materials • 

Notice of the material will be presented to the Power Engineering 
Education 'Committee of the Institute of tiectricdl and Electronic Engineers 
and to othe> appropriate groups. 

' ' CONCLUSIO N 

The aQ.fhors feel \\\e objectives of the project have been realized 

■ 

and that classroom tested text material, problems, and lab work suitable for 

a two semester course^n power processing have evolved. *We sincerely 

It 

hopl^ that sufficient Interest will develop In other schools and 'universities 
to warrant further publication and distribution of the material. 

The two sequence course will continue at the University of Pittsburgh. 
Part I as a required unit and Part II as an elective. Our faculty feel that 
this material Is an essential ingredient in the educational process for 
electrical engineers. 
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PREFACE 



This mofim^^^^^^^elopad as a porfton of a fwo course sequence 
contemed wtfh pow^^^^^^Hv systems comprising power . el ecfronic devices, 
eUctro-mechonical ^^^H^^B^^^^fs and associated logic configurations necessary 
to cause the systenri^ oiffl a ^resc^ribed fashion* The emphasis in this 

portion of the tvit) course '^^quence will be on electric machinery analysis. 

Electric .machines are members of a large class of devices krtown 
generally as "electrp-mechanical converters". The name Implies Conversion 
o{ energy from e||<ictr{cal to mechanical form - or vice versa. The devices 
range from very iima 1 1 signal devices, such as microphones, through very 
large generators supplying as much as 1000 megawatts of power. In some 
devices, the mechanical motion Is linear; In others it Is rotary. All devices 
are based, to an extent, on a common phenomenon and there are man^j fine 
textbooks which present a completely generalized approach to electro-mechanical 
energy conversion. Some of these texts are listed in Appendix 1. Time 
limitations preclude cofnplete coverage of all aspects of electro-mechanical 
energy conversion. For this reason, the emphoslsKm this course will be 
restricted to the arwlysis techniques tippllccible to electric machines under 
dynamic conditions. 

There are many facets to the general area of electric machines. At 
one extreme is the specialized area of design of specific v machines. At the 
other extreme is the application aspect of choosing a maV:jhine for a specific 
use br application. This course will avoid detailed design aspects and will 
concentrate on analysis of performance, Iyi order to become proficient in 
analysis, it will be necessary to closely examine some of the internal processes 
Involved In accomplishing the change in energy form, i.e.% the torque and 
voltage producing processes, commutation, leokage, flux, etc., as well as 
the physical arrangement of various types of machines. 

The majority of electrical engineers who cortie into contact with 
electric machines are either designers of or analyzers of, systems of \vhich 
the electric machine is an integral pgrt. Some systems are of the extremely 
simple "open*' type. An example is a simple mofor driving a load such as a 
tool, a pump, or an electri<: fan. The motor is energizftd, comes up to speed 
and performs in the steady state. The confrdi for this system is usually an 
"on-off" type and the transient performance of the motor is of limited interest. 
Ver)r4Wtle skill is necessary to match mot6r .voltage, speed, and/ torque ratings 
to the lobd requirment. However, as applications become more dcfwianding and 
the machine becomes part of a complex system, or a prpcess, a khowledge of 
the transient, or dynamic, behavior is necessary. 



Jevelopmentr of seml- 
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V The past few years have seen tne^advent ^f sophtlstlcated control systems, 
widespread usage oT computers and logic machines, and the 
conductor devices with control feafures and power ratings wli 
dous impact on the design of systems Involving electric machines^ Indeed, a whole 
new Oreo of s|»eclalizatlon has emerged within the electrical engineering field* 
This Is the area of "Power Pi-ocesslng" or ''Power Conditioning", Power Processing 
Involves conversion of power or energy from the form and level existing In the 
available power to the form and Jevel necessary for Its utlllzotlon In some 'end' 
device. The ability to make the necessary changes has been considerably enhanced 
by the ^development and commercial availability of solid state (semi-conductor) 
devices. To mgke use of ^hese device^, certain sequences and combinations of 
evenfs must bd provided for. Thus, logic circuitry and computing machines and 
their relationship to the semi-conductor devices must also be studied If skill and 
competence In system design are to be achieved ♦ The dther coursj^ In, this two 
course sequence concerned Itself with this relgtlonship as well as the considerotlons 
involved when the logic sub-system - semi-conductor sub-system Is utilized to 
modulate electro-mechanical (electric machine) converters and electrical level 
converters. 

/ . ^ • V 

These courses were developed as a two semester sequence commencing 
at either the sixth or seventh term of the undergraduate program in Electrical 
Engineering at the University of Pittsburgh. 

For .the electric machinery portion, student fomlliarlty with the ^ 
following topics is presumed: 

1. electric and magnetic (flrcuits, field theory and transformers. 

2. a limited knowledge of linear system analysis techniques 
to include Lqplace Transform usage function and block 
diagram representation. 

3. solving engineering problems on the analog and digital 
computer. 

Concurrent with the electric machinery portion' of the two course 
sequence the student should have a first course In semi-conductor electronics ^ 
and an exposure to logic circul+ry principles. 
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CHAPTER I - BASiC PRINCIPLES 

IJ INTRODUCTION: This text was prepared with a specific orientation which 
(Jiffers from the classical texts In ^electric machinery. It Is oriented toward 
"power processing *• and views the machine as on entity in a system which 
converts energy from one level, or forju^ to another level, or form.. The em^^hasls 
is on analysis of machin* behavipr with only enough of the why of the behavior 
as Is necessary to frfnclerstand how behavior may be modified. 

The system of units used 1$ the rationalized mksc system. This system 
Is generally accepted as the most useful for electrical engineering « In the mksc 
system many troublesome constants relating widely used quantities (such as power, 
torque, velocity, for example) are eliminated. It Is not possible to eliminate 
oil constants, however. The usage of the term 'rationalized' denotes an Inclusion 
of the quantity 47t In such things as permeability of free space, etc. rather than 
Usage as a constant for the relationship. Thus, Maxwell's equations can be 
wrlften without use of the . The English system of units Is still In rather 
widespread usage lb some afros ^ such as magnetic cfrcuit design. However, it 
is being superceded by the mksc system. 

It \% also recommended that the student obtain and use a copy of the 
relatively inexpensive "Basic Tables In- Electrical Engineering" (McGraw-Hfll, 
\96^) by Korn. /Th^s^refe rence contains much useful data on control systems, 
corripbter representation/ motor characteristics, Laplace transform palrs>' etc.^ 
plus otfier useful data and tables. 

'•2 PE RTURBATIONS : A very useful concept of the analysis of systems is that 
of the dynarrttc behavior of a" system about a steady state operating point. The 
Idea Is that some small change, or perturb^ltion, is introduced and the resulting 
system (or device) behavior analyzed. This concept can often be used to linearize 
a non-linear system qpd thus bring to beqr on the analysis ' the powerful mathe- 
matical tools of .operational mathemoUcs thqt are available* 

An interesting application of this concept is in the application of the 
principle of Cpnservatlon pf Energy used to develop the relationships of the basi^: 
electro-mechonicql conversion process. If we apply this principle and neglect 
electro-magnetic radiation (negligible at power frequencies) we can account for 
the various forms of en^gy present in the energy conversion process involving 
conversion from electrical tp mechanical form, i.e., an eleci'trical motor, as 
follows: ^ ■ ^ 

Ml/ 

Energy input ^ mechanical ' increase in energy 

from electrical- = eneigy output + "energy stored in the + converted (I 
so\irces ^ ' ■ ■ cpupling field to heat 



w 



2 



For a generator, fhe electrical ond mechanical energy terms wbuld hove 
negative valv>e$» The eriergy^converted to heat results from i^R electrical losses, 
friction and windage mechanical looses, and either mag^netlc or electric field losses. 
If these losses are grouped with the corresponding terms in (1-1), we have: 



Electrical 
Energy Input 
minus 
Resistance 
Losses 



mechanical 
energy output 
plus friction 
and- windage 
losses 



energy Increase 
stored In 
+ coupling field 
plus 

field losses 



(1-2) 



Denotjhg energy by W and Incremental, or small changes, by AW and 
using an appropriate subscript to distinguish between electrical, mechanical and fl%ld 
energies, we can express (1-2) for the static, or steady state, case as; 



elec mech fid 



(1-3) 



If a small change, or perturbation, occurs It will effect the energy 
balance^and we must rewrite (1-3) as: 



(1-4) 



Subfracting (1-3) from (1-^4) and allowing AW dW '(the dlfferenMol of W) yields: 



dW , = dW . + dWr, . 
elec mech nd 



11-5) 



For small changes the losses^ore substantially constant and (I'-S) can be 
applied to quantities only and neglecting losses. We will examine these quantities 
on a term by term basis and draw meaningful concusions. 

The procedure of using only incremental changes in variables can also 
be used, in some instances, to linearize systems of non-linear differential equations 
if second and higher order terms are neglected. This method will be explored In 
detail in later chapters. 
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'•^ ELECTRICAL M ECH ANICAL AND FIELD ENERGY: A devlc* with one source of 
electrical Input (a singly' excUed system) con be graphically portrayed as follows: 



J 




where: 



Figure 1-1 • Singly Excited Magnetic Circuit 



- terminal voltoge, instantaneous 
I = current input, instantaneous 



r - resistance 



e = - ir 



Recall that instantaneous power, p, is given by the time rate of change 
of energy » Thys: 



P ^ 



dW 
dt 



(1-6) 



and: 



(1-7) 
(1-8) 



Now the el ectrlcal energy Input mirlus resistance losses Is given by 

^^elec " ^t' 1 " " dt - e I dt (1-9) 

If electrical energy Input Is supplied from multiple sources, the total 
electrical energy Input 1$ the sum of terms of the~t5rnf>( 1-9). 

In Figure 1-1, a magnetic circuit Is depicted as receiving an Instantan- 
eous power, el. Faraday's law gives the relationship between the Induced voltage, 
e, and the Instantaneous flux linkages, X. Lenz's law provides us with the 
directional relationship shown In Figure 1-1. That Is: 

^ O-'O) 

where t Is time, and the quantities are In the mks system. If the magnetic circuit 
has N turns, we can define an equivalent flux (\> which Is: 

'^''li (1-11) 
From (1-9), (1-10), and (1-11), we have , , 



dW =ldX-Nld(^=Fd«^ (1-12) 

where F = NI is defined as magnetomotive force (mmf). Now mmf and flux are 
proportional to each other^ the constant of proportionality is defined as the 
reluctance, R. Thus: , , 

F='*R (1-13) 
We are now in a position evaluate total field energy ^f\^ cis: 



fid o 2 

if the reluctance Is constant. - 



W„ . = / ♦R ct» = (,.,4) 
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Soppoia the reluctance Is not conitant dnd that some value of flux^ ^ , 
exi$tt« If we uie the value of reluctor^e prevailing at that flux level, defined as 
we have a total energy stored In the field of: 

•Wfld=— ('-'5) 

Now, If the energy stored is changed by an amount AW^j^, flux and 
reluctance change by A<^ and AR respectively. We have then, 

^fld ^^fld ' ' ^'"^^^ 



or 



tid tid 2 ^ 

Discarding second and higher order differentials and subtracting (1-15) from 
(1-17) yields, 

1 2 ' 

^ *AW-,_, - R(|>A<|) + AR* (1-18) 

tid 2 

As the incrementol changes become smaller and smaller: 



Thus^ 



or 



AWfij -^dWfij, A* ^^d*and AR -> dR 

12 

dWflj = R*d4> + 2 ♦ dR ^ (1-19) 

We can evaluate mechanical energy by noting that: 

W 1 fx; tronslationql motion (1-20) 
mecn 



W = T0; rotational motion , (1-21) 

mech 



where 

X = linear displacement 



6 = rotational displacement 

f = component of force in direction of x 

T ~ component of torque in the direction of 6 



for tncramental changes: 



W^,, ^ AW^^^^^ = (T f AT)(e . A| 

= T 0 + eAT + Tffe + ATA^ (Ir22) 

Subfracflng (1-21) ftom (1-22), neglecHng fho second order effect and 
passing \o the Umlf as the incrimenfal char^ge approaches zero yields: I 

*^mech = Tde + edT (1-23) 

Further, for very small changes in 6, we can assume thqt the torque 
(or the force, if appropriate) remains constant over e and we can write: 



dW . Tde or T fdx (1-24) 
mech 

'•^ T ORQUE AND FORCE: We con now substitute (1-12, -19 and -24) into (1-5), 
yielding: ^ ' 

Fd* = Tde + R^d^ + ^ dR ' '^ " (1-25) 

Noting that F *R, (h25) becomes: 

1 2 

T - - - * i (rotofional) ' (1-26) 

2 ^ 

or * 

f = - 1 <f>^ ^ (franslofional) (1-27) 

-t 

This says that the force involved in a small change of configuration is 
proportional to the change of reluctance with respect to the displacement involved 
and the squore of the flux m the system. The negative sign merely indicates that 
the force; or torque, *i$ in a direction to reduce the reluctance. 

Let us reexamine the stored energy in the field, (1-15). If we^ had 
merely taken the partial derivative with respect to R, (f), we would have obtained 

= ~- dR + <l>Rd <^ (1-28) 
fid 2 



2a ' ^ 



which l$»fhe same as (1-19). This will allow us to develop o genera I fza Hon for torque 
(or force) by considering the two situations, a) constant flux or b) constant mmf. To 
do so, rewrite (1-15) as: 



^fld 2 



(1-29) 



o) For()) constant with varying F; 



dW^„ = - dF 



(1-30) 



from (1-12), -24 and -30) In (1-5) , we have: 



but, d(fi = 0. Therefore: 



Fd* = TdO + ~ dF 
/ 2 



^ " 2 d 



b) For F " constant with varying ^} 



(1-31) 



(1-32) 



t d* 



dw - 

fid 2 

and, substltut ing into the energy balance equation yields 



(1-33) 



Fd* Tde + 1 d* 



(1-34) 



or 



T = + 



l6j 
2 d e 



If we note that, from (1-29) 



aw 



fid 



<j>= constant 



1 ^ 

2 de 



and 



(1-35) 



(1-36) 



fid 



80 



F= constant 



= f. ii 

2 de 



(1-37) 
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we con rewrite (1-32) and (1-35) as 



9W 



'A 



e = COfn/tant 



(f-38) 




and 



3W 



T = + 



fid 



90 



F = constant 



(1-39) 



Equation (l-3jB) and (1-39) are extremely useful to us because they enable 
us to express force or torque as functions of variables such as reluctance, flux . 
linkoges, current, inductance, etc* For example: 



F* Ni I I 1 9 



where 



mognetTc /Inductance (L = — r). 



For constant mmf, i = constant and,' in terms of force: 



(1-40) 



9W 



f = 



fid 



8x 



F = constant 



(1 L j2) = t dL 
' 2 dx 



(Ml) 



or, for another example 



W 



fid 



2 7 ^ ^ 2 



where 



1, 



P ~ magnetic circuit permeance, (P = — )• 

R 



For constant mmf, in terms of force 



(M2) 



aw 



f = 



fid 



F = constant 



1 F^P 



F^ 3£ 
2 9x 



and so on. 



J 1 



From (1-41) we can 
machines. If we note* that, a 
(using torque rather than force 



(1-43) 



draw a very importcint conclusion concerning electric 
constant mnjf, Li = A and idL = d^ , we have 



t 0 
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Whereas the voltage inducing phenomeiSg. Is related to the ilme rate of change 
of flux Ijnkages, the torque producing mechanism Is based on the ahguToir rote df change 
of flux linkage. - ' 



To summarize, the torque or forces, act as follows: 
!• To deci^se the stored energy at constant flux. 

2. To increase the stored energy^^pf constant mmf. 

3. To decrease the reluctance (or increase the permeance). 

. t * - " 

4/ To increase the inductance. 

Actually, the^torques and fqrces are on the iron member Itself In an Iron 
cored magnetic circuit. The presence of a winding-of some sort merely serves to 
^tabllsh the field. Thus windings in slots on a rotor fcrt^ nof themselv©« subjected 
to the torques exerted on fhe iron. The same force t.hat tends to reduce reluctance 
also produces a stress within the iron itself, this stress sets up strains within the 
iron circuit which causes a change in shape. This general, phenomena is known as 
magnetostriction. If the magnetic field is an alternating field, the periodic 
change in shape of the magnetic structure causes pressure waves in the surrounding 
media. The pressure waves cause audible noise in some instances. 

It is "sometimes useful to analyze problems using energy density, or field 
energy*^ per unit volume.^ Thus ^ 



w _ = F, _ 1 ,Ni 

fid vo 



^ = = ; (Nj)f^) (1-45) 

I 2(1 A) 2^1 ^''W 



where a and A are length and cross sectional area of the magnetic circuit under 

Ni 

consideration. Since: ~ '^^ magnetic field intensity^ 
and : - ^ - B, flux density 



where u is the permeability of the circuit and B =y H, 



10 
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As an example pf the usefulness of this approach^ we will -drive an 
expression for the force of ottracMon between two parallel faces of high permeabllihy 
permanent Iron magnets with flux passing between them as shown in Figure 1-2. 







» . , 


-4 






h-« — A — ^ 







/A »:Uo 



Figure 1-2. Air gap between two Magnefs 



We will neglect flux fringing. The permeability of the Iron is very high 
and^haV of the air between the foces is relatively low. Therefore the energy density 
Is much higher in the air gap than in the iron. Therefore we will consider only 
the fenergy density in the air gap. 



w 



fid 



1 ^ 

2 M 



(1-47) 



1 

TId 2 M 

o 



(1-48) 



The mmf is constant since these are permanent magoiets. The force 
involved here is in a directioK to reduce the reluctance, i.e., a force of 
attr^tioif. An incremental chaise can only be one where )l is reduced by an 
infinitesimal amount. 



but 



3W 



fid 



3x 

dx = - da 



1 B^^ d 

2 M 



_1 
dx 



(1-49) 



\ 



f 



1 B^A 



2 P 



(1-50) 



where the negative sign indicates force is in the directi)si]^ to reduce 



1.5 RE LATIONSHIPS IN MUlTiPLE EXCtfED ^SYSTEMS; W» wlH now extend our 
analysis coyer an energy convereton devtce with multiple electrical Inputs. 
(A very simplified version), figure 1-3 portrays sucKo devl<:e. One winding Is 
on the stationary member, the other on the moveable member. Each winding has 
a self Inductance, and L22/ respectively. In addition, a mutual Inductance, 
L,«, represents the magnetjc q^^upling between the two windings. Eoch of these 
Inductances is a function of the angular displaces 
(or rotor). 



ingula;^ displacement of the moveable member 




Figure f-3. A Multiple Excited Electromechanical Energy Converter 



i ■ The analysis will be based on on Incremental change In angular displace- 

ment, dO , as used In the s^ftgly excited system analysis. However, we will utilize 
the Inductances to express the various electrical quantities. Recall that flux linkages 
can be expressed as the product of current and Inductance. 

Thus, from ^-12); 

dW^lec 'id^l ^ '2d^2 .^'"^^^ 

= i,d(!,L„ + !2L,2) + 12=1(1242 * 'iM?* 

= i,2d L,, + r,L,,di, + 1,^1,2 \i,L,2<i!2 + '2^<"^2 

* 

Also, recajl that. In terms of Inductance; 



.12 

c 



and, fherefore; 



12 2 1 1 2 12 

from: 



+ L,,',""! + 'I'^d L„ (1-54) 



-^elec " ^W^ech ^ '^fld ('"5) 
' hhl^'l ^ 'l'2^h2 ' •l'-12^«2 V'2^42 ^ »242^'2 



'2'l^h2 ' •2^2^-1 = Tde ^\^^ dL^, . i^L„di^ . 1 



dL22 



+ J/22'^l2 ^ h2h^'2 ' Ll2'2'"l ^^2^42 f-^^) 

we have: 

, 1 2 1 9 '""22 '^'-12 

, ♦ 

Note that the torque (or force, if 6 is replaced by x in a trans tat lonal 
system) is a result of ctxinges of inductance with angular displacement • There may 
wq^ll be changes of current due to electricol transients but these changes are not 
effective in the production of torque* 

Further insight into this can be obtained by examination of one of the 
induced voltages. For example: 

*i '*-ii'i *-i2y ^ . 

di^ di2 ^^11 ^99 rfe 
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Th# first two t^rms on the right hand side .are "transformer" voltages which 
occur In any mognfitlc 'circuit when the flux llnkoges change with respect to tlme*^ 
The last two terms on the right are "speed" or rotational voltages, since speed ^ ^ . 

Note that only ^ terms appeor In (1-56), the expression for torque. Thus, we conclude 
that speedy vol tages and not transformer voltages ore tictlve In the energy conversion 
process. Our physical reasoning verifies this because we know thot (neglecting losses) 
no energy conversion takes place In a transformer! 

1.6 ELECTROSTATIC R ELATIONS HIPS: The same energy balance analysis can be 
applied to an' electrostatic energy converter system.^ That Is: 

dw . =^ dw f dw;,^ (1-5) 

elec mecn fM 

Consider a parallel plate capacitor excited from a single source of 

potential e. 

^W^lec = el dt - e dq (1-59) 
where: \ 



f 



IT ' 

dq = differential charge ^ idt 
Further, stored energy in the electrostatic field is given by: 



Wfid = 7 (1-60) 



and 



i ^ 

2 

for incremental changes. 



dWfij = - e dC + eC de (1-61) 



\ 

Applying the energy balance and using the relationships (1-20), (l759), and 
(1-61) yields: 

1 9 

e dq = - e dC + eC de + f dx (1-62) , 

^ 2 



where: 



f === force on the capacitor plates (^ 
dx - incremental displacement that would change C 
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recqfl fhatj 



therefor 




q == eC 

dq e dC ^ C d© * (1-63) 

for Increnlantal changes, us ing fhe<^ fame reasoning^ as applied In our* study of electron- 
magnetic circuits. Substituting (1-63) for dq Into the left hand side of (1-62) yields: 

dC + «C d© J o dC eC d© =^ F dx (1-64) 

or: 

The force on the plates of a capacitor act In a direction to increase 
the capaoltonce. An onalogous expression for torque also exists, of course. 



'•7 ELECTROMAGNETIC VS. ELECTROSTATIC ENERGY CONVERTERS; From the 
previous dnalysis, it should tet apparent tifiat the energy conversion prdcess Is dependent 
upon the existence of the electric or magnetic field as a coupling media. For example, 
In on electric motor energy flows in from the electrical sources and Is transferred from 
a stationary member to a rotating member where it appears as mechanical energy. 
Since this energy must pass through an air gop of some configuration, it can be 
reasoned that the air gap must be capable of storing this energy Vven if it is 
energy in continuous flow. We have shown that eni^rgy conversion is possible in 
either an electromagnetic or electrostatic devisee. 

Many are familiar with the electromagnetic type of converter but few have 
familiarity with the electrostatic type. Why is this? Why is one more widely used 
than the other? It is because of the relative, maximum, energy densitites possible. 
That is to sqy, for the same volume of air gap onp can store much more energy than 
the other. What are the energy storage capabilities? Recall, from (1-46) 



1 b2 

Wfid magnetic " 7 ~ ^'""^^^ 



o 



For a A^apacifor 



2 

"fid .lecric = I ^ = 5 ^^> = i 



l^i^, 0-67) 



where: 



£ *> electric field Intensity, voltt/meter 

D electrostattc flux density, c6ulomb»/meter 

e = permittivity of Ihe dielectric medium 

.2 



Flux dfnsitles of 1 weber/meter are quite common whereas the ^maximum 

J til. t^. .r ->(_ t.. o' lA^ /__:^«.^. /.wUU f/itl..-^ .fU^ qIi* 05 an 

Thf> permittivity 



electric field Inteniity of olr il 3 x 10 volts/meter (with failure of the air as an 
lielectric). The permeability of air, p , is 4it x 10" . 1 



insulator, or d{el«^.,,x^. 

of alV is 8e85 X lO^^^e Thus, from (1-46) and (1-67) 



w . 2 
fid mognaHc^ mox^ _ B 



w 



fid electric^ maxe 



o 



1 



(1-68) 



4 IT X 10"'^ x 8.85 X 10""^^ V 9 x 10^ 



=^10,000 



It would require 10 times as much volume to store the same energy in an 
electrostatic field in air as It would be to store electromagnetic energy In air. Also, 
It should be noted that high power electromagnetic devices involve high currents at 
the necessary driving voltage, whereas electrostatic energy converters involve high 
voltage. If their power or Energy rating Is to be substantial. We provide conductor > 
size for high currents and Insulatlbn for high voltage. The mechanical design problems 
are thus quite different I 



32 



« . . it ■ , 

16 ' . ^ • 

CHAPTER II - ELEMENTARY CONCEPTS OF TORQUE AND GENERATED. VOLTAGE 

ft v.. 

IIJ THE D, C. MACHINE : The simplesf possible visuaHzaMon of generated voltoge in 
an ele^rlc machine (whether generator or motor) con be gained from the study of an 
elementary d.c. machine. A simplified version of a d.c.jnachlne is shown in . 
Figure ll-l ' . . 




Figure ll-l. Elementary D,C, Mach^lne 
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Our elementary d^c. machine has an excifing winding, usually called the 
"field" winding on the statioriary member of the machine (usually referred to as the 
"stotor")! This winding establishes the flux,,}) , which passes from the "pole", ocross 
the air gap, through the rotating member, or "rotor", through the air gap again and 
back into the stator pole. In an actual machine, the winding on the rotar would be 
distributed around the perf|phery of the rotor w^th the various coils connected in some 
specific series-parallel combination to yield the desired volt-ampere rating of the 
machine^ In the particular simplified elementary machine to be analyzed here, we 
will assume only one coil, consisting of one turn only^ As the coil rotates, the flux 
linking it changes^ with time* Not shown is the mechanical switching device (commutator) 
which is essential to the machine if a unidirectional voltage is to exist at the collecting 
mechanism (brushes) connected to the rotating coiL However, we can examine the 
voltage generating mechanism* When the coil is rotated 1/4 of the revolution (^ radians), 
the flux linking the coil chm ges from^ to zero* -If the coil is rotating at u) radians/sec, 
the time to rotate - radians is, ^t - ^<^* If the machine had p poles, the rotor would 

rotate through Z electrical radians* this would be (?y)/p/2 mechanical radians* For the 

I i r 7 A. ~ JL ^ 



p pole machine, then, At 



The vottag* fncluced In fhe one fum* coti U given by Fdra<kiy'i low 
at: ^ 

^ ^ " Q Pf^i /..IV 

' • = Ar'"T7"'=V . 01-1) 

< . , ^ 

Now, consider a more compl leafed rotor winding. Assume fhere are a fotal 
of Z inductors on fhe rofof formlnig £ one fufn coils* If fiie winding is arranged so fhaf 
Aiere are "a" parallel pafhs fhrough^he rofor winding (fhe currenf fo f he rofor enters 
one collector, divides info **cf' parallel paths, recomhipes into the original current and 
e>cit$ through the other collector) then.^ there must be one' turn coils in series* The 
total voltage across the collectors is the sum of bll tm? series voltoges, i.e.; 

y 

^-^)i^"-)=^{P (11-2) 

c 

If: n - revolutions/mlnyte 

77:== revolutions/second 
oU 

U) 

Note, in (11-^2)^ that ^ - revofutions/second also. If the bracked term, 

involving radians/second, in(ll-2)is replaced by its equivoleint in terms of 
revolutions/second/ we hove: 

If a current, i, flows in the wipding, electric power is associated with the 
machine. If it is a motor, the current flows against the induced voltoge and Is 
absorbed. The absorption of this power corresponds to the power being converted to 
mechanical form. If the current flows in the direction of the induced voltage, power 
is supplied to an external load and the machine acts as a generator. This source of 
power can only come from mechgnicaV shaft input power and the device behaves as 
a generator. 

If: T - torque, in newton meters 
P = power, in watts 

P =u)T = ei (11-4) 
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EquaHon (ll-'4) can b« solvetl-'^r torque and the relationship In (11-2) 
uHlJzed to yield! 



where 



T = — « ♦i = Va\ ' (11-5) 

w 2Wa « 



^ '2 TO 



\\ should be noted \\\o\ k Is a constant whose value Is determined by the 
design of the machine. If the value of k Is substituted In (11-2), we hove: 

I. 

e = (f^j)*'^ = k*^ (H-6) 

In the d.t. mochlne considered here, bofh developed torque and Induced 
voltage, sometimes called "courtter electromotive force" (cemO or "back" emf (because 
of Its polarity relative to^that of the external circuit), are proportional to the flux 
in the air gap resulting mainly from the excitation or field winding-y-^JThe torque is 
also proportional to the magnitude of current through the rotor (also called the 
armature). Thus we could generalize by noting that the torque is the result of 
interaction between a magnetic field and an mmf . The voltage induced is pro- 
portiondl to th* angulat velocity of the rotor Inductors with respect to the magnetic 
field flux» In each case, the constant of proportionality is the same - but only In 
the mks system of units • That this is so one would expect from the consistency of 
the F = BI2^, e = Btv relationships applicable to Individual conductors. The device 
analyzed here has merely been a mechanical configuration to utilize the fundamental 
principles and to make use of multiple conductors with an appropriate series-parallel 
connection. 

"•2 THE ALTERNATING CURRENT MACHINE: An elementary alternating current 
machine is shown in Figure Consider thqt the one turn coil on the stator 

is stationary and that the flux density (constant In magnitude, sinusoidal in space 
distribution, and directed along the axis of the rotating member) rotates at angular 
velocity CO. The flux is everywhere normal to the surface of the magnetic circuit. 
The flux density has a linear velocity tangential to t|ie radius and each side of 
the one turn coil has a voltage induced in it of magnitude: 

: e = B(G)av (11-7) 
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wh«r« 



B(e) * flux denstty, w«b«rs/m«ter . 

I = length of fhe coll side In meteit 

V = relciHve linear velocity, meter«/»ec between 
stator colh^and the flux. 

\ turn ttbC^l- cot I 




(6 1% sf«.o& 



. Figure 11-2. Elementary One Turn A.C. Generator 
(or Alterrwtor) 

r Under the assumption ef sinusoidal distribution 1n space of the flux 

density; the flux density can be e^^ressed as 



= cos e 
m 



(11-8. 



where 



~ "^^1"'"'" value of flux density 



6 =^ space angle measured from the axis of the rotor 



Since there are two sides In the one turn coll, the total Induced voltage In the 
coll Is: ' 



e - 2B(e)ev = 2 cose 



' (Il79) 



If there are N turns on the stator coll, and the turns are connected In 
series, the voltage in the coil Is given by >' 



e = 2N B(e) 9>/ 



(11-10) 
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Since: 



6 a)t and v =^ r w 



where: 



t = Hme, In seconds 

r = rtidlus of the rotor. In meters 

The expression for indOced voltage^ (11-10) becomes: 



or: 



e = 2N fr 0) cos to f 
m 



e = cos w f 

max 



Recall thot flux, <^ , is related to flux density by: 



(ii-n) 



(11-12) 



/ BdA 



(11-13) 



where A Is^e area normol t6 the flux density, 



Jhe areo element, for the configuration in Figure 11-2 is: 

dA == ^r de 



(11-14) 



Note that the incremental angle de is actual^ or so called "mechanical'*, 
radians whereas the flux density distribution is in electrical rqdians* That Is, In 
possing through two magnetic poles, 2^ electrical radians are traversed - which may 
not be the same number of mechanical radians in the same angle« If the mechanical 
angle Is multiplied by the number of poinj of p^les, it is cpnverted t<J an equivalent 
electrical angle« Thus, > 

Mechanical El ectrical 



d 0 



de 

^ ^ p7? 

In temis of electrical radians, (11-14) becomes: 



(IMS) 



dA 



- fc r d e 



(11-16) 
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In Order fo determine fhe flux, pBr pole, we can evaluate (11-13) 
uflllitno (11-8) and (11-16) yieldtng: 



-TIT «'« '"'=-^ (IM7) 



From (11-11) and (11-12); 
From (11-17): 



^^«2Ntr. ^ ' < ' • (11-18) 



m 2 

SubsHtuHng (11-19) Info (11-18) yields: 



(11-19) 



E - N to) d» % 
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* 

Not© fhaf rotation of the rotor through an an^le which includes a pair . 
of pbles will produce 1 cycle of voltage variation. A complete revolution/ through 
p/2 pairs of poles will produce p/2 cydes. Now, w/2 ir revolutlons/secor^jcjahrough 
p/2 pairs of poles will produce: « 

(0 p 

2ir 2 ^y^'** •^^^ second (11-21) 
Thus, the cyclic frequency of variation of voltagi^ f, Is .given by: 

^"4^ • (11-22) 

and, 

* 

U)P 

2 2iTf (11.23) 

Since the induced voltage Is sinusoidal, £ from (11-20) can be expressed 
in terms of root-mean-squaro (rms) value as: 



rms " = ^ (11-24) 



From (11-23), 



rms 



^2 ' 



2ir 



(11-25) 



^ An actual mqchin© ha5 windings distrlbufind over the enHre periphery of Hie*^ 

stater cvid the vdrlous Inductors connected In some sertes-parallel arrangmeent* The 
rtumber of turns, N, In (11-25) then becomes the number pf turns connected in series* 
However the Induced voltages, at any Instant, In the various turns are not equal 
because of the distribution of flux density^ Also, for purposes of suppressing undeslred 
harmonics In the Induced voltage some windings have colls whose sides do not span 
an exact pole pitch. Thus, the Actual voltage is less than the value colculoted by 
(11-25) In an actual machine. To account for the factors (11-25) is multiplied by 
a constant called the winding constant, whose vdlue is determined by the specific 
winding configurations. 

The relationship given in (llr-25) applies to th6 Induced voltage in any 
coil - such as a transformer, for example - which has sinusoidal voltages anci fluxes 
present. ' ' 



Consider the N turn coil and core in Figure 11-3 ♦ 




e - Em s\n col c 



M 

Fi(3ure ?f-3. Core and Cofl with Sinusoidal ExcitaMoo 



Neglecting winding resistance, a voltage is induced in the coil equal and opposite to 
e» From Faraday's Law, 



E sinw t = N , 
m dt 



(11-26) 



where the subscript m denotes maximum value. 

If the flux is sinusoidal, it can be expressed as 



♦ * cos w t 



m 



(11-27) 



and the induced voltage, which must equal the applied voltage, (If the resistance is 
zero) 15 given by: 
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® ~ N sinw t ~ E sin wt 



(11-28) 
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\ From (11-28) 



E = N<t»,«u. = N (2nf) (11-29) 



m 



m 



The rms value of induced voltage con he then determined as; 



^m 2n 



g ^ — N4>f =• 4.44 Isi^f (11-30) 

rm, ^ ^2 

< The production of torque is an elementary d.c, machine was developed In 

the previous section, equation (11-5). We will now examine the torque resulting from 
a different mechanical configuration - one which Is used fpr machines supplied frohi 
alterr>atlng current (A.C.) sources. Commercial A.C. sourcOi hove periodic variations 
and thus consist of predominately a fundamental sinusoid "with the possibility exlstlog 
of additional sinusoids that are multiples of the f||fndamentals; I.e., harmonics. 

The configuration we will analyze Is shown In Figure 11-4 and consists 
of two windings mounted on concentric magnetic cylinders. 




rotor u.\ndi»i| XK^^^^^J-^ h ^A^ru..l UJk*<v.c e , L 



t' 



Figure 11-4. Cyllndrlcol Rotor Model 



This Is a simplified version of what could be either a stationary or rotating 
device. For example, the stator winding (or coll) as shown might be a fictitious winding 
to represent the source of on mmf which Is rotating. The only stipulation, if the 
windings are rotating, is that the axis of the two windings be stationary with respect to 
each other under steady state (i^e. constant torque load) conditions. This Is essential 
If overage torque is to, be produced* 

Since the structure is concentric, the self Inductances are constant. The 
mutual Inductance is a function of the angle between the, two axls,0. We will 
assume that the variation of mutlal Inductance Is sinusoidal and that the mmfs of each 
winding are sinusoldally distributed, also. Further, we will ossume that the iron is 
infinitely permeable. Although Figure 11-4 Is for a 2 pole device, our derivation 
will be for a p pole device. Only two poles ore shown for simplicity. Each 
winding will hove on mmf, F and F^, and the net mmf in the air gap, F , will be 
the resultant of the two mmfs* Since the mmfs are sinusoidal, their resultant will 
diso be Sinusoidal and con be obtame4^ by using' pHasors to represent the peak mmfs and, 

combining them using the Low of Cosines. Figure 11-5, depicts the phasor relatlonshrp 
between the rotor mmf^ F^ , the stator mmf^ F^ ,f and the air gap mmf F^^ . 




t 
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Figure 11-5, Phasor Diagram of mmfs 
( From Figure 11-5 , applying the Law of Cosines: 



sr 



2 2 
F < «*^ 'F- + 2 F F cos 0 
« 1 r 



(11-31) 



We will define an angle, 6^, to be the angle (in electrical radians 
between the axis of the relor and the axis of the net air gap mmf. Geometric 
and trigonometric consideratt^s *in<^icate that: 

^ % sin 9 F sin 5 

. s sr r . 



(11-32) 



In order to obtain the torque produced, we will use the derived relotionshi p, 
for 4> = constant, from Chapter I, i.e.,! 



aw 



_fld 



(1-38) 



The factor p/2 takes into account our p pole machine. 



A 

To obtoin Wri_|f w^ wi 

gar 

length of the gap is then. 



fid' use^ average energy density times gap volume. 

If the diameter of the air gap mid point is d, the gap length is g, and the axial 



total air gap Volume - ^d Ig 



(11-33) 



....... ; ' ' 

25 

V 

From (1-46), fhe dnargy denstty It: 

1 1 2 

^slfLaJL^H " (I -46) 

o 

This Is •nergy density any golnt In rti« air gap. The average energy 
density Is given by: • ^ . . 

" 2 

^fld "^ 2^ ^ average (11-34) 

\ Since flux density Is sinusoldally distributed In space, the corresponding . 
mmfs are also sinusoldally distributed. 

If F Is the peak value of air gap mmf, the peak value of magnetizing 
force, n , Is given by: 

, >. F 



and: 



1 . H ^ ~ - (11-35) 

\ , P 9 



, H = H_ cose (11-36) 

The averAge value of the square of the H* can be determined as: 

(H^) ave. = ~ / H cos"^ 6 de = • (11-37) 

V -n/2 P 2 

From (11-33), (11-34) and (11-37), total energy In the alr gap is: 

■2- 

M H 

^fld " (Wf,j)( volume) = ^ ■ TTd g (11-38) 



Substituting (11-35) for Hp yields: 



From (1-38): 



Using the value of f\^^ from (11-31) in (11-40) yields: 



(11-41) 



ERIC 



.42 



26 

From (11-32), can b« r«plac«d^UiJII-42) yielding: 
T - 5r u dt F F, sfn 6 ' 



From (11-35): 



(IM2) 



^^11-43) 



where B^j. Is the peak value of net flox density sinusoidal ly distributed in the air gap 
and that, for sinusoidal distribution: » 

"ov. = — C'-^t) 
therefore, utilizing (11-44), (11-43) Wor&s: * 



F a- B 

sr 2 ^ ave 
o 



Note also that: 



\ 



p d P 

" 2 ~ ^2^ (area under each pole) 



Substituing (11-45) and (11-46) into (IM2) yields 



(11-45) 




(11-46) 



P 2 

T = - 2 (^'■®^ under each pole) ^ sin <S_ 



ave r 



Now, 



wher 



7 



Then, (11-47) becomes: 



(BQ^^)(area under ach pole) 



= flux per pole in the air gap 

5^ 



2 IT 



T = - (& T * F sin 6 
z 2 sr r i 



(IM7) 



(11-48) 



(11-49) 



■ This equation expresses torque as the Interaction between a field and an 

mmf or between two fields. It should be noted that no torque (or power) is possible 
without a finite angle, <5 \ \f {5 very appropriately referred to as the "Power" angle 
or "Vorque" angle and will appear again in every device which we study. For the 
d.c. machine the angle is fixed at ^ radians by the geometry of the machine. Thus, 
although it does not appear In the equation for torque In the d.c. machine if would 
be there if we had an angle other than radians between th« flux density, 
corresponding to^, and the mmf, corresponding to rotor current. 
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CHAPTER III - THE GENERALIZED MACHINE [ 



IIIJ THE BASIC MACHINE; All »ype« of electrical machines have many features In 
common ancTingure ///- / depicts these features. 




C j^/ /////// /</ /^ f- st<J«<- u..«<l,«a 



///// ///// 



ov- cove. 



7"// / ///// / 




] 



Figure lll-K The Basic Electric Machine 



There are two magnetic cores - one common* with the shaft and the 
other fixed to the frame, or housing. Many variations of this basic configuration 
are possible* The most common is to have Tbe outer member* stationary (the "stotor'') 
and the inner member, with shaft, the rotating] member (t^e 'Votor"). The two 
cores a r^ separated by an air' gap. There are um^ual configurations Involving stationary 
inner members and roTd^ing frames/ or, even, both members rotating with respect' to^a 
fixed reference and with respect to each other. 
. -J 

Each core has (usually) a winding. A machine with a permanent magnet 
field would be an exception. The winding consists of conductors carrying current 
and running parallel to the axis of the machine in the .'active' pa tion of the machine, 
i.e., the part that contains the narrow separation of rotor and stator called the air 
gap. The conductors are connected into wirtdings. The excTct nature of the connecfion 
and the tyji* of winding Is a function of the type, and form of the electrical supply^ 
In order to produce a net conversion of energy from' electrical to mechanical form, 
the magnetic fields associated with the rotor and stator m\jst be stationary with 
respect to ^ach other even though they may not necessaril)?' be stationary* wlt^) 
respect to a stationary reference* THe exact nq^ture of the winding configuration 
an^l cbnnectlon Is of extreme Importonce to the designer. To the analyst, the 
corihectlons are of Importance onty td the. extent that the machine has specified 
input-oqtput relationships and thqt the macjj^lne parameters are thus determlijed. 
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Th« mochtnt parom«t«rt wMI charcictertz* machine behavior under ipeolflc conditions 
exisMng within an overoll tyttem. 

The three common typei of windlngt crtti^ 

1. Coll winding . v* 

2. Polyphase connection ot colj* 

3. Commutator winding v, 

Colt windings are concentrated and the mmf and magnetic field associated 
with this type of winding acts along the axis of the coll winding* The winding 
Itself consists of colls on all poles connected into a- tingle tlrcult. 

A polyphase winding consists of Individual conductors distributed In slots 
around the perfphery of the stator or rotor. The Individual conductors actually 
are connected to form phase windings which may be coll windings and which. 
Individually, have magnetic fields stationary In space (acting along the effective 
axis of the phase winding). However, polyphase windings are^ energized from 
alternating current sources so the magnitude of the magnetic ffeld pultoites with a 
time vorlatlon even though It Is stationary In space. Thus, the Individual phase 
winding can be Idealized by a single cotl. The phase windings/ If properly 
spaced and energized from alternating current of the proper phase, will ^ause a 
resultant magnetic field which (under steady state conditions) Is of constant magnitude 
and revolving at constant dngular velocity. For example^ a three phase machine hot 
thr0e phase windings spaced electrical radians apart ohd when energized from a 
3 pjhose supply produqM an mmf 3/2 greater thop the maximum rtnmf In any one 
phose. The mmf rotafws at the synchronous ongular velocity of the supply frequency. 
This will be developed mathematically In a later section. 

A commutator winding Is composed of conductors located In sloff and 
connected to commutator segments in some continuous sequence! The current flows 
into and out of this type of winding through carbon brushes (statlonary)whlch 
bear on the copper commutator segments, or bars. The Individual conductors 
comprising the winding are connected in some serles-para lie) combination to yield 
the desired current-voltage relationship, or rating, of the winding. There are 
always at least two and often times more, parallel paths throMgh the winding. 
Commutator windings always, are rotating windings. The purpose of the most simple 
commutator winding Is to switch the revolving conductois, as they pass under the 
brushes, so that the conductors under any given pole always carry ciurrent In the 
same direction. The net result Is that the axis of the commutator winding is 
always stationary with the axis of the pair of brumes. 

Synchronous machines usually have a coll wlndlngr'on the rotof (the ^ 
"field") and a polyphase winding on the statpr. Asynchronous, or "Induction" 
machln^^s hqve polyphase windings dn both rotor and stator. (This stotement Is 
not true for single phase Induction motors). Direct current machlr>es have a coil 
wlndlr>g -("field") on the stator and a commoiator wlt^dlng on the rotor, or as>lt is 
usually called, the armature. , 
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In generalized machine analysis, we will find \\ helpful to define two 
main axis. The "direct'* and the "quadrature" axis. In the case of the d.c, machine 
and of the synchror^ous machine, the direct axis Is the axis along which the fiald 
(or excitation) mmf acts. The quadrature axis Is ff/2 radians advanced (in the direction 
of rotatioi^f from the direct axls^. These axis are usually referred to as the d and q 
axis* 

Any machine, whether comprised of polyphase, coll, or commutator 
windings can be shown to be equivalent to an idealized machine consisting of 
coils located on the d and q axis. Even though the rotor rotates, the coils are 
fixed along these axis! To achieve this equivalence. It is necessary to convert, 
by suitable transformation, polyphase windings into equivalent rotating two phase 
windings. This transformation will be derived later. Since actual windings on 
the rotor have rotational voltages induced in them, we must ascribe special 
properties to the rotating winding. These two properties are possessed by a 
commutator winding. They are: 

1. a current in the winding produces on mmf and a magnetic 
field which is stationary in space. 

2. even though the mmf and the field are stationary in space, 
rotational voltages are induced in the coil. 

The idealized machine we are developing will b^ referred to as a 
"Generalized Machine". The "Generalized /Vkichine" will have only two poles 
and any results obtained will have to be altered to correspond to the actual 
machine. 

At this point, the obvious advantages to the student of a "General ized 
Machine" model should be apparent. If the various common machines can be rep- 
resented by one model, then we need develop equations and analysis techniques 
only for the one model. Of course, some degree of skill and machine familiarity 
is necessary to reldte model to actual machine types and vice-versa. 

We are interested in dynamic, or transient, behavior of the machine with 
static, or steady state, situations as special cases of the dynamic situations. ^Dynamic 
behavior implies var'iation of performance with respect to time. Thus, our equations 
will be differential equations. ^ 

In order to bring to bear the sophisticated techniques of linear systems 
analysis to the behavior of our generalized machine, it will be necessary to 
ascribe certain other attributes which are not possessed by q physical machine. The 
attributes are really fundamental assumptions made for ease of solution of the differ- 
ential equations which describe our model. They are: 



1. No tafuraMon •xtttt In th% magn«f1o odroult, th« 
*tytf«m' it lln«ar and th« prtnclpU of sup«ipotiHon can b« 
applUd. Thit •nabUt us to fum rmh, torquM, voltaQst, * 

^ mtQ, b«caut« by dfflntfion tup«rpotlHon m«am ibof fh« 

n«f •ff«ot it th« turn of th« oaui«t« 

2. Flux d«nttty hormontos ar« not pr«t«nf dnd fh6 flux dtnttty 
it tinutoldally ditfrlbufed In tpace. Th« main flux it cpn- 
t(d»r9d to be d«f«rmin*d by fh« fundamental oomponenf of 
fho flux dmntity* The radial line where the flux dentity It 
a maximum it the axU of the fluX. 

3. In calcuklHng flux density fi^om m99neforvK>tove force, the 
mmf Is toi^sldored to be acting only In the air gop. In other 
words, th*>lron Is Infinitely permeable and no mmf Is required 
to sustain the flux In the Iron. 

t 

4. The fluKjl Inking any wlndlr\g' Is considered to conslsf of mutual 
and leal^(^e ftpx. The leokage flux links only that particular 
winding;^ ; The mutual flux links all other wlndlngi lying on the 
some axis. 

The above assumptions do Introduce Inaccuracies Into the results obtained 
by mathemOtlcal andty$|$; Certainly, with nonlinear devices (will ch Is always the 
case in an electromagnetic device comprised of Iron) nothing yields more reliable 
results thon actual test on the device Itself. Such' tests may not be possible 
under the desired conditions or In the system deslgti stage. However, without the 
qssumptlons, analysis would be very nearly Impossible even with computers because 
expressing the non-linearltles mathenrKitlcally Introduces approximations. Previous 
work and experience Indicates that the pattern of behavior emerges In spite of the 
assumptions! Correspondence between linear analysis results and test results Is 
surprisingly dote, as you can verify in laboratory work. SIncA some degree of 
saturation of' the Iron in the magnetic circuit Is usually present^ It Is possible to | 
refine results obtained by analysis If one mokes a proper choice of variable to " 
account for saturation effects. For closely coupled colls on an iron circuit, 
the assumption regarding a commun mutual flux is reasonably valid If different 
values of leakage ore assigned for each winding or coll. The question of the effect 
of neglecting flux density space harmonics can be dealt with only If the type of 
machine Is considered. For example. In d.c. machines. It Is total flux per pole 
which Is of concern in the steady state torque and voltage constants e However, 
under transient conditions that is no longer ture. There are other effects (to be 
dealt with later) which tend to **swamp out*' the errors introduced by the assumption 
of sinusoidal flux density. In a;c. machines, the harmonics of t4ie flux density are 
rotating at a speed other than the speed of the rotor flux density and thus are not 
effective In producing average torque. The value of Instantaneous torque does 
vary, however, and some parasitic effects manifest themselves (noise, etc.). Also, 
of course, the flux density harmonics result In harmonics In the induced (both 
transformer and rotational) voltages. 
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To summarize the effect of the assumptions, one con only agree that they 
do result In errors analytical results. It Is not possible to assign magnitude of errors 
without comparison with actual test results. The analytical results dp give reasonably 
close results and yield valuable Information to -^the system designer. Without the 
assumptions, analysis would be very nearly Impossible. 

We can represent, dlagramatlcally, a generalized machine model as shown 
• n Figure MI--2 . This particular model has only 4 colls 2 In each axis with one 
in each axis on the rotor and one In each axis on the stator. We -will use only a 
4 coll machine in our derivations In order to reduce the number of equations Involved 
in the analysis. Some machines, such as the most simple d.c. machine will have 
only an and a Q coll. A "cross field" type of d.c. machines may very well have 
oddltlonaLF colls (usually designated as F^, F2'/ . . . ,etc.) A synchronous machine 
often times will have additional circuitry on the rotor (damper circuits) and these 
ore usuqily denoted as KQ and KD windings. However, a thorough understanding 
of the ba^ic 4 coll m[>del is essential to analysis of more complex configurations . 
The 4 cjoil model is a compromise between the completely general case and a 
simplified configuration without obscuring •complexity . 




Figure III-2. 4 Coil Generalized Machine Diagram 



In our deriyation, we will assume the^machine is rotating clockwise 
(cw) and that it is operating as a motor. Thus, positive current is the current that 
flows as a result of an external source and positive torque is torque in the direction of 
rotation. Further, we will resort to the per unit system, or basis, for defining the 
various parameters. * This is discussed in the next section. 
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'''•2 THE ?tt< U NIT SYSTEM t Th« use of ratios fo expr«M rejultf at normalized 
dlmtntlonUtt quanfltf^t It qult« common. Such rafipt at p«rG«nf efficiency, percent 
regulation, pereenf of rated load, power factor, et»« are widely uted. If 6 quantity 
tuoh at voltage drop. It expretsed at per tent (or per unit) of rated voltage It It 
much, more meaningful than If It It expretted In terms of Its actual value. This Is 
etp«clally true If one It attempting to compare the performance, or the parameters, 
of a tyttem with that of another tyttem of different rating. . In addition, as a 
result of ttandardlzatlon trends In detign of equipment, many of the performance 
charactbrlttict and parameters of machines are almost constant' over a wide range 
In ratings if they are expretsed as ratios. The use of such quantities has been ^ , " 
opplled to circuit analysis - greatly simplifying calculations In circuits involving 
transfbtmefs and circuits coupled mognetlcally.v We cart summarize the advOr>tages 
OS followsi 

1. The use of per unit values Facilities' scaling and programming 
' ' computers used for system studies . 

2e The use of per unU vafues i|t problems soluHon yields results 
fhot are generalized and broadly applicoble. 

3. The soluHon of networks | containing magnetically coupled circuits 
is facilitated. For example, with the proper choice of unit, or 
base, quantities the mutual inductance in per unit is the some 
regardless of which winding it is viewed from and regardless 

of the turns ratio of the windings* 

4. Since the constants of machines, transformers and other equipment 
lie within :a relatively narrow range when expressed as a fraction of 
the: equipment rating one can make "educated** guesses as to probable 

^ value of per uhit constants In the absence of definite design 

information. This is of assistance to the analyst when operating 
without complete device information. 

It seems preferable to use per unit rather than per cent because of the 
problem encountered when two per cent quantities are multiplied together. For 
example, if: 

A = 0.05 per unit or 5% 

B 0.20 per unit or 20% 

and we take the product, (A)(B) = (0.05)(0.20) = 0.01 per unit. If we use percentages, 
(A)(B) = (5)(20) = 100%, -whereas it should be 1%. We will use per unit in this 
course and we will deal with quantities such as current I, voltage V, power P, 
reactive power Q, voltamperes VA, resistance R, reactance X, Impedance Z, etc. 
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By defJnItJon, 

^ . . . » actual value of the quantity ,,,, ,v 

, Quantity In per unit « r i TZT OH-l) 

^ ^ base value of the quantity 

Actual quantity refers to Its value In volts, ohms or whatever is applicable. 
Within limits, the'Vise values may be chosen as any convenient number. However, for 
machine analysis they are usually chosen based on the rating of the machine. In power, 
systems analysis, there ore many factors that entei* into the choice. We will not attempt 
a discussion of these factors at thif time because our . primary concern \)fire 1$ the 
analysis of machines. " * 

We must select the base values so that the fundamental laws of electrical 
phenomenon ^re still valid In the per unit system. Ohm's law states that: (In actual 
values) ^ 

V = Zl (III-2) 

If we select any two values for V^^, 1^ and Zj^ (where the subscript b 
denotes base values) then the third value Is determined by the relationship 

Vb = Z^^lb (ill~3) 

dividing (III-2) by (Hl-3) yields 

V Z I ' 
^b b b 

which is, according to (III- 1) 

V = Z I ^ (III-5) 
po pu 

where the subscript pu denotes pe,r unit value. 

(it is common practice to select the voltampere base, ^^b' 
voltage base, Vj^. Then, for single phase circuits 

'b=^ ond Z, = r^ • (III-6) 

b b 

i 



- 34 



(111-7) 



where 1$ base Inductance, fj^ Is base frequency and {$ base electrical angular 
velocity. 

It should be noted that 1.0 per unit power corresponds to the volfompTe 
ratihg of the mochine - not the a<;tual power rating* These values are the same tn 
a d.c^ machine but may be different in an a.c. machine. As On exomple. If we 
hod an a.c. machine rated lOOOO kva, 0.85 p.f., the rated power Is 8500 kw. 
However, V.O per unit pbvyer Is taken as lOOOO. Thus, on a per unt:>^ bq<ts , rated 
power is 0.85, not 1.0 per unit. t 

We will now examine flux and flux linkages and how they relote to the 
per unit system. 

Consider two colls coupled as shown in Figure III-3 . toch coll is 
assumed to be concentrated. By concentrated, we mean that the same flux links 
all turns in either coil. However, since the coils themselves exist a$ separate 
entities, not all of the flux which links one coil also links the other coil. We 
^an define the fli^x linking coils as the main, or mutual flux^ ♦ and the flux 
which links onl^ a particular coil as the leakage flux of that coil, 4^^^^, * 




Figure III-3. Mutually Coupled Coils 



Thus, there are three fluxes present in Figure (111-3). 

^ - mutual, or main flux - linking both coils. 



resulting from both and 12 



* I = leakage flux, due to current i^ and linking 
coil 1 but not linking qoil 2 

^'2 leakage flux, due to current i2 and linking 
coll 2 but hof'linking coll 1. 

\ . 
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In the deflnlMoni used here, V represents voltage impressed on the coil 
from an external source and the current t Is the current that flows as a result of 
V. Thos, if V and i are positive the device absorbs electric power, 

Th* value of flWy linkages, X in coil I due to current i2 in coil 2 

is: 



' ml 



where L,^ is the mutual inductance of the two coils. 

Similarly, the value of flux linkages/ A 0, in coil 2 due to cunrent I 
>il 1 is: ' : '"^ ^ I 



in coil 



Converting (III-9) and (111-10) to per unit values yields! 



ml ^12 '2 ^12 '2b '2 pu ,,,, ,A 

.lb hb'ib hb Sb • ) 



and: 



P" 2b hh '2b 4b '2b 

I. 

rearranging (111-11) and (111-12) to obtain the ratio of per unit flux linkages in 1 coil 
to per unit currept in the other coil yields: 



/ml ^ ^12 '2b /^n2v ^ 4l 'lb 
^Vpu~hbTb ^V^pu~4b'2b 



(111-13) 



It is desirable to have the per unit flux linkages per unit current the same 
in either coil. (In other words, the per unit mutual inductance is the same when 
viewed from either coil!) We can ascertain the conditions necessary to achieve this by 
equating the ratios in (111-13), Also we recognize that in actual values, ~ ^21' 
Further, we will divide each\ side of the equations ^Y^ Thus: 

-j:— (111-14]^ 



"bhb'lb "b^2b'2b 
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andt 



»b 



(111-15) 



(IM-16) 



w« con r«arrang« (111-14) to yUld: 



\2 'b2 



(111-17) 



, A^n /wordty tib« r«»ult of this U that Jf wt chcx^e the same voltpmpere bate 
for each coll,/ equal values of per unit current tn tU colirr^rin equdb vdlues of 
mutual flux lihkages and the per unit value of mutual Inductance Is the same when 
viewed from either coll. 



One other quantity requires speclol consideration. That Is the base 
value of electrical angular velocity. This must be chosen as equal to 1.0 If 
the time relationships are to be preserved. That this Is so can be seen from the 
following example. 



Example 

An R-L circuit Is er^erglzed from a source, v 
Figure III-4. The solution for "current, I(t) Is: 



V sin ta) t as shown In 



V JT 



1 



" CTR" - tan"'*"^) 

+ — 



R 



R 



L 



(111-18) 



Figure III-4, R-L Circuit EnergVzed from Sinusoidal Source 
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We can dlvld© each side of the eqoaHon by Iju ^^'^ divide numerator 
and denominator of various ratios by. Zi as shown In (lll-ZO). Recoil that: 



(111-19) 



i(0 

Y 



V 



R li 



00 



■-/%'-b 



L 2 



^ sin (w/V - "'•'/^b^b^ 



(111-20) 



Note that: 



V 



(jO I 
b '-b 

R 



i(t) 
V 



b 

u) L 
pu pu 



R 



pu 



(^) actual 



(111-21) 



(111-22) 



(111-23) 



pu 



U) I 

b "-b 



I 

b pu 



■pu DU L 

iT"! =R = (R)actual If - 1.0 



pu 



/ 



(111-24) 



From (111-21) through (111-24) we can write (111-20) as: 



V 

pu 

i(t) pu = 

pu 



W '-nil 

Rpu 



w L 2 

1 ^e^) 



pu 



T" sin (u)t - tan ; 



pu 

e + 



pu 



,/ , pu pu,-^ 



(111-25) 



pu 



Thil pr«tuppotef that oi « 1.0. ui apply tome ocmol values and check 
reiultt. For example^ tf: 

V 

. V « 100, R 50 ohms, L « lO henryi, w = 5 rod/tec 

From(lll-18j: 



1(0 =c + /? 8{ti {5f - 45^) ^ / (IM-.26) 



In pmr unit, we will arbitrarily choose VA^^^^ = 400, = 20p, 

" I "^"^base 400 ^ 

'b y ~ * 2.0 amperes 

b , • 

200 ^ 

and the cIrcuU volues, In per unlf become: 



PU »00 ^pyj 1,0 



SubsHfuHng values In (111-25); 

IxOJ 0^^ . 

" OJ 



0.5 



1 1 + ■ ./ 5x0. r.^ 



Now, 



and 



= 2 ^ + -^sln (5f - 45^) (|||-28) 



acf " ^ pu^ Wse.^ 

(i^t2.0) 4 1.0 ampere 

= r~ (2.0) = "^amperes 



ErJc . 5^ 
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whl<?h li thm same ai tNkrwolli In (IH-26). Not* that the tii^ conitant and angular 
velocity are the tame In (111-26) and (111-26^ ' W 



> V I 



We can write equdttoni detcrlbl ng the phenomena In ^oupled circuits,* 
uttng a per unit system 6f voluet If we choose the^voltampft.re base the sgme for - ' 
each coll and we choose base angular veloolty equal to 1.0. 

For the mufualty coupled colls of Figure lll-3,Uh 

■ .. / ' > ' ' ' ^ 

r ,r^ = per unit resistance of colls. 1 and 2 ■ 
12 

^« "^'P^r ^^^^ mutual Inductance 

*1**^2^ P^*^ ^"^*^ leakoge Inductance 
Applying Kfrchoff's voltage summation law for each coil yields: 

.., =r,I, + (t,2 + <,)5-+L,2-J ' (111-29) 

Wjp can define^ coil self inductance in terms of the mutual and leokoge 
inductances as follows: 

L„ f L]2 + S ' (MI-31) 



^2 ^ 42 ^ S ^'""^^^ 
We can rewirte (111-29, -30) as, in terms of self and mutual inductances: 

-V di ^ di2 

We will make use of these relationships many times in the analysis of electric 

machine!^* 
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Since we will be concerned with the electromechanical dynomlct of the 
various machines we must aJso define Ipeed, torque, and Inertia In terms of the 
per unit system. . . v 

The per unit value of speed is the actual value, in rod/sec because base 
was taken as 1.0 In order to preserve the proper time relationship. Actual speed may 
be denoted by to and may be above or bilow rotted. The per unit value of torque 
Is that torque which produces unit power at nominal speed. 

•a 

The moment of Inertlo In the per unit system Is based on the usage of 
a defined quantity, H, colled the Inertia constant. The inertia constant turns out to 
be o very useful number because its value varies over a relatively smalt rar^e for a 
wide range of machine designs of different sizes and speeds. For example, synchronous 
machines have an inertia constant which lies (Usually) between two and six. In the 
absence of specific data on the moment of inertia for a given ^mochlne, one can 
closely estinrfote the value of H based on the machine type and rating. 

We will^ riow investigate the inertia constant, and Its relationship to 
actual moment of inertia^ In the derivation that follows, these symbols are use?!: 

^ ^ electrical angle, in radians, from some reference 

^m ">«c*^a"'cal angle, in radians, from the same reference 

J = polar moment of inertia, newton-mefer-sec^ 

= mechanical speed, radians/sec 

= electrical speed, radians/sec 

f = electrical frequency, cycles/sec 

p = number of poles on machine 

H = number of poles on machine 



( 



0) 



to 



Now: 



0) 



and: 



E 



2 o 



(111-35) 



(111-36) 



Therefore: 



U) p 



(111-37) 
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and: , .p 

6^1^ (111-38) 
•* m 

By ci•^ntHon^ 

- ' -;. 

H ^-^ ^ anargy »tor>d In .x>tor 1 (,,,^39) 

rat«d volt-omperet of th« machine * rti^ed 

For situations wKere unit power Is chpson different from VA^^^j, we define 

thot' power as VA. 

bqie 

Now j^. ; r v ^ Is o power term, In watts, corresponding to feertia power 

In an electromechanical syltem. To put this power on a per unit basis, divide by 
^'^ixjse' Thus, per unit Inertia power Is: 



o 



base dt^ 



Solving equotlon (111-39) for J«*> , we have: 



(111-40) 



2(VA^^. .) H 

> - T ("Ml) 



If this Is substituted In (111-40) we have the per unit Inertia In terms of 
mechanical angle or speed. 

2(VA , .) H d ,u VA_, . dw 

_L-Jal«dl = 2H (_1H!?1) _o , (,,,.42) 

« (VA^ ) dt^ "b VAb,„ dt 
^ o base 

Many problems are expressed In terms of electrical angle, S , and elecfrtcal 
frequency, f. From (111-37, -38, -42) 

^ VA^ted 2^ 1 VA^ H^di 

2^Wa. ^2ir;^ ^2 W ^f .2 ('"^3^ 

base -—rr ^ dt base dt 

p/2 



. ^^^^•^ ^•'^ d«fln«d quantity it ccMI«d tK« "Per Unit Moment of 

fntirflQ ^ M. Thot, by Qna]ogy, 



YA ' 

Thit M U bated on electrical angle In radiant. M It tometlmet defined In 
termt.of electrical degrees In vybich case w It replaced by 180 In equation (111-44). 

Tbe m>mtnf of Inertia of mocblnes it often expretttd as Wk^ (weight times 
ttie square of the radlut of gyration) in English unit, of Ib.-ft.^. To relate WK^ 
to H, we <^an use the formula, 



' With the concept expressed here we can express ihe per unit power, con-esponding 
to inertia torque, (n an electromechanical system qs 

M ^per unit power » (111-46) 

dt 

where the an^le 6 is In electrical radians, and M is defined in (111-44). ^ 

In order to mathematlcolly describe our defined model (the generalized 
machine) we must determine magnitude and polarity of Induced voltages - both 
rotational and transformer types - and of the torques on the rotor. This will be done 
In the subsequent sections. 

m.3 INDUCED VOLTAGES: In our model, all coils lie on either the d (direct) or 
q (quadrature) axis. Slrice the machine is assumed to be linear, we can consider the 
phenomena of direct axis and quadrature axis flux acting on the Two possible coil 
configurations in cine axis, i.e., either rotating or stationary. The net effect is 
the sum of the fndWiduai effects obtained by the principle of superposition. The 
results obtained can^be applied to coils in the other axis by analogy. 

It was previously specified that positive djrrents and voltages correspond 
to motor action. I.e., the machine absorbs power from the electrical sources. In 
order to determine octual polarities and directions, we must indicate the direction 
of current flow in the various coils, shown in Figure III-2. The defined directions 
are as shown in Figure (Illr5). 



43 



^ G* Winding 




^C- cartel^ 



rr 



Figure 1 1 1-5 » Defined Direction of Poiitive Current Flow and 

Rotational Direction for the Generalized Machine 
(Motor) 



follows 



The various Inductances in the machine in Figure III-5 will be denoted 



MutuoT Inductances 
Leakage Inductances 



Self Inductances 



do 
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Th* reiaflonthll!) between these various Inductances 1st 

/ 









(111-47) 


^9 


q9 9 


»■ 


(111-48) 








(111-49) 








(111-50) 



Current In the various colls causes flux linkages In every coll along that 
axis. We will denote flux linkages as follows: 

Total Coll Flux Linkages 
q ' g ' a ' f 



FRir 



The mutual flux linkages correspond to the flux In the air gap and 
which is common to all colls on that axis. The total coll flux linkages correspond 
to the flux linking a specific coll only and is the sum of the mutual and leakage 
components. 

Flux linkage is the product of current and inductance. We can express 
the various flux linkages as: .. . ' 



^9 " 'g 'q ' (111-52) 

q axis air gap = L^^ (i^ + i^) („,_53) 

^d " Ld'd L^f'f (111-54) 

^f " If'f '-df'd (111-55) 



d axis air gap - L^^ (ij + if) (|||-56) 
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\ A potltlve sign for the flux Unlcag^ In fhe air gap denotes 

flux cllrected outward In the convention for current polarity chosen. 

Jhe effect of d axis flux linkages on coll D will be arwlyred for the 
situation where the flux Is varying with respect to time and for the situation wherein 
the conductors are moving with respect to the flux. 

The coll on the rotating member (the rotor) Is assumed to be distributed 
over the periphery of the rotor. The coll Is also assumed to be formed by a commutator 
type winding. Suffice to say, at this point, that the commutqtor, winding has brushes 
which bear on copper commutator segments and that the net effect of the commutator 
is to perform a swtiching operation which renders the revolving coll stationary in space. 
As .the winding rotates, the brushes switch direction of current flow and reconnects 
the winding continuously. Referring to Figure 111-6, we can describe what happens 
to any specific conductor by stating that the conductor Is conjilected with a certain 
polarity as It passes through 0= 0. It maintains this polarltV forir electrical radians 
at which time Its relative polarity In the circuit is tevo^r^edi 

As the rotor rotates, all conductors lying betwetek^ 0 and n radians have 
current flowing In them in the same direction, I.e., into the page In Figure III-6. 
Also, any Induced voltages, due to rotations will be Induced In a direction so as 
to be additive. Conductors lying between tt and 2 w radians have cunrent flowing in 
the opposite direction and the induced voltages are in such a direction as to be 
additive with the Induced voltages in the other part of the winding. The commutator 
winding behaves as a stationary coll with fixed current direction but it also has the 
capability of having a rotational voltage induced In the coll. 

„ Consider that the coil is distributed over the periphery with a density of 
z conductors per radian. 




Figure 111-6. Distributed D Coil, Formed by a Commutator Winding 
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— Th« thad«d area (n tfi« conductor laytr rtprewntf some tumi of q coll 
with «3ott ftdei at e and at (e + ir) radtont. 

In practice, the flux density B assoctoNtd with fluxi^ con hove any 
dIttrtbuHon. However, regardless of spoce distribution It con be resolved tnto an 
tnflntte series of trlgonomftrtc functions by meor^s of Fourier Analysis techniques. 
At stated previously. In this analysis we will consider only the linear case and 
effects related to the fundamental , Since the flux density Is a maximum along the 
direct axis (8 = 0) we can express It a$ B « B^ cos 6 » If the rotor length Is 
land Its radius r, we can relate flux and* flux density as follows: 



^2 

♦d = / B tr de = / B^ cos e de = 2 B tr (HI-57) 
•-^/2 -.Tr/2 ^ 

The flux linking the turn (shown shaded In Figure III-6 ) 1$: 

<j> = / cos e d e - 2 B^ «r sine = sin a (MI-*58) 

k 

If the flux l|. varying with respect to time, a transformer voltage, e.. Is 
Induced in the turn. It Is: 

•t " 5r ®^ 

The shaded area contoins zd6 conductors e The summation of all the 
conductors lying between 6=0 and 6 = ttwiII yield the total voltage indljced in the 
winding (assuming the conductors are connected in a series additive configuratiort), 
DenotBT 

e^^ = sum of voltages induced in the 
series connected winding 

Then: 



/ sin e)z de (111-60) 

o 



d 



d 



/ zslne de=^ {2^^z) (111-61) 

O 
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From Faraday*! taw, th« votfog* ?nduo«d by t\(tm varying flux it limply 
•quol to th« flm« raf« of chang« of flux linkages linking the coll. Thut^ 

whfre is^the direct axis flux linkage. Faraday's induced voltpge relationship 
enables us to relate total flux (associated with sinusoidal distribution of flux density), 
conductor density , and fluK linkages by comparing (111-61) and (111-62), yielding: 

» 

2 z = (111-63) 



This Important relationship will be used later in this secttop. 

Note that it is necessary to integrate only from 0 to ^ in order to Include 
all turns because the elemental turn has two sides. From (111-61) it can be seen that a 
"transformer" voltage exists if the flux Is changing In the rotor winding (formed by 
brushes) located along the axis of the time varying flux, ^ 

Now, consider the effect of the quadrature axis flux,, , on the rotor 
circuit formed by brushes in the direct axis. The development would be similar except 
the flux density Is a maximum at 6 = yf/2 and would fee expressed as B = sin 9 . 

The flux linking, the turn In Figure (III-6) ^uld be: 

e 

♦ = / B sin e ft- d e= -2 B £ r cos'e = - cos 0 (HI-64) 
+Ct^) »» 

The Induced transformer voltage in the turn, e , is: 

ej = + COS e) (111-65) 

and ^Qj/ of ^he transformer voltages In all the turns due to q axis flux. Is: 

d ^ 

e = - ~ / ♦ 2 cos e de - 0 (111-66) 
• o ^ 

No transformer voltage exists in the direct axis rotor winding due to time 
varying quadrature axis flux (and vice versa, of course). We could iKive forseen this 
by noting that the two windings are in quadrature and that the mutual Inductance coupling 
coefficient Is zerOe 
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The polarity of tK* Induced transformar voltage can be determined from 
the fact that It Is always In. the direction such that. If current could flow. It would 
flqw In a direction such as to oppose a change In flux linkages. Thus It opposes 
th^^rlvlng voltage. For a coll wtth no rotatlonol voltages, such as F, application 
of K1rchoff*s law for voltage rises yields: 

To Investigate the rotational, or "speed" voltage Induced In the D coil, 
recall that this type of voltage Is determined by: *(ln vector form) 



®rot " ^ ^^''^ (111-68) 



where v 1$ linear velocity, B Is flux density and d t Is an element of conductor length. 
The bar on top denotes a vector auantlt^- one which has magnitude and dlrectlWi, From 
electro-magnMlc field theory, flu|pjElerlslty leaves an Interface between two med)a of 
different permeability perpendicular tjv the Interface. In a machine, the flux density 
Is thus perpendicular to the surfdce ^g»f^the iron at the air gap. For small air gap we 
can assume that the conductor elem«ht Is perpendicular to the flux density because Its 
linear v^jocity ]4 tangential to Hie $v^■face. Since the conductor length Is mutually 
perpendicular to the velocity and thU flux density, (111-68) reduces to: 



e = B^v = .BArw (111-69) 
rot • 



This is the voltage Induced in each conductor of the elemental coll shown . 
shaded In Figure III-6. Since each turn has two conductor sides, each turn wduld have 
two times the value given In (111-69). There are zde conductors In the shaded area. 
Thus, for total rotational voltage In the shoded area. 



^ot " (Bir6)(2)(zd8) ^ (111-70) 

Total rotational voltage In the winding li obtained by summing over the angle 
from 0 = 0 to 0 =TT . Thus: 

(111-71) 
(111-72) 



7T 

rot > 

o 

TT 

= / B ltw2z cosOdO - 0 
m 



/ 
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W# cortclo<l« that no rotaMonol voltage exists If the flux density axis and 
the windlhg axis coincide* 

In order to evaluate the rotational voltage In the direct axis due to 
qoadroture axis flux, we can use equatluon (lll-'72) except that the flux density 
Is a sine function rather than a cosine function. (This because the, flux Is centered 
on the quodroture axis and Is thus a maximum ate =it/2). With this change, 
(111-72) yields: 



e, rot = / B Jtrw2z slnGde = 2(2B lr)z 
d ' m ' m 



(0 



(111-73) 



recall that (frdm analogy with (111-57))^ 




Thi^fefore, we can express (111-73) as: 



(111-74) 



(111-75) 



By analogy to (111-63), we can express the rotational voltage induced in 
the direct axis rotor circuit due to quadrature axis flux as: 



w 



here: 



(111-76) 



(111-77) 



Similarly, the rotational voltage in the q axis, due to d axis flux is: 

e *»> 



(111-78) 



The direction, or polarity, of these rotational voltages, relative to driving 
voltage must be ascertained before mathematical models of the machine can be formulated. 
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H . L «omm6rlz« our InvwMflotton thin far Qf followi: In o rotatfna rotor 

co l with proptrttM f)r«vlouily aicrtb«d to luch <i. coll, both rotational opd troniformer 
YO\fQgm can b« Induced. Th« traniformtr voltogiM are Induced by the time varying 
nux along the axlf of the winding. The rotational voltages aro Induced In the winding 
whote axU It In quadrature with the flux under consideration. Thus: 



d>^ ' 

•dt^'dT %rot""'^ . ("'-79) 

where the subscripts t and rot denote transformer and rotational, or speed voltages and 
q and d denote colls on the quadrature and direct axis, respectively. The F and G 
colls are stationary and rotational voltages thus cannot exist In them. Rotational 
voltages can exist In the rotor colls If flux Is present In the other axis. 

The equations for transformer voltages are valid under any consideration 
In so far as flux density space distribution Is concerned. The equations for rotational 
voltage are valid for sinusoidal space distribution and the magnitude of the flux 
linkage, X, Is given by: 

^ = 2<z (111-81) 

where ♦ Is total flux per pole, z is the number of conductors per electrical radian on the 
rotor periphery. * 

What if the flux density space distribution is not^ sinusoidal? As a matter 
of focl^, most d.c. machines have a trapazoidal distribution at no load which becomes 
distorted as load Increc^ses. However, the spaclal flux density distribution is periodic 
and can be resolved into a fundamental and harmonics of the fundamental. In Section II. 1 
on the elementary d.c. machine. It was shown that the constant relating rotational 
voltage and speed is actually proportional to the total flux per pole and is not a function 
of distribution. 

To determine the direction of the induced rotational voltages, refer to 
equation (111-68). An application of the vector implications of this equation to 
windings D and Q is shown In Figure III-7. Only one turn of each of these coils 
Is shown in order to simplify the diagnam. 



I 
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^ (a) ^ (b) 

L and the induced rotational ^ and \\\e Induced rotaHonal 

■i voltage are In opposite directions voltage are in the same direction 

Figure III-7. Rotational Voltage Polarities 



From Figure 1 1 1-7 , the rotational voltage in the direct axis rotating 
winding acts In the same direction as y nnd thus has the same polarity as the 
driving voltage \4. Similarly, the rotatfonal voltage in the quadrature axis 
rotating winding is In opposition to l^ and has dpposlte porlarlty to V^. 

We can now write the voltage equations for the four coll machine as 

follows: 



V. 



dx. 

r \+ — (111-82) 



f dt 



V, 



dX. 

r.l, + + (-u)A ) (111-83) 



d d 4 dt q 



dA^ 

% l> X> dt d 

dAq 

^J-^V^ (...-85) 
where r # r , r , are lumped resistances for the F, D, G, and Q windings* 

% ^ . 
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III. 4 DEVElOPEp TORQUES; In order to- evaluate torque af the shaft of th« 
Generarized Machine, consider the total eledtrtcol power, P, supplied to the , 
machine. " ^ 



P = k j; V f = Mv^ + Y^l^ + v^]^ + 1^) ' (111-86) 



r 



The value of k and the reason for k will be discussed later. The individual 
jvinding power inputs are obtained by substituting the value of t^^ various vbltages 
ffbm (111-82) through (111-85) into (111-86). Thus , 







2 '•^d 
~ '^^^ 'J dt - 


<* 

(1) 1 . X ^ 






_ . 2 _ 

^ dt 


, ^: 








.■ *\. 

r 1 











V 



(111-87) 
(111-88) 
(111-89) 
(111-90) 



2 ° ' 

The i r terms are, Sf-cours<?, ohmic power loss which appears as beat. 

Terms of the form: ' ' - 

dA, " V'" 

are terms expressing the time rate of change of stored field energy. To visualize 
that this is so, refer to the value of from (111-54) and substitute it in (111-91), 
yielding: * 

Recall that stored magnetic energy is given by: ■ ^ ' 



1 . 2 

W = 
fid 

and 



Wf,j = - L i ^ ' (111-93) 
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represent. 



Thus, terms representing time rate of change of stored field 
or express, energy converted to mechanical form. Only the 



{9 



energy do not 
terms: 



(111-95) 



contribute to shaft power (after conversion to mechanical forrp) or are a result of shaft 
power bVore conversion to electrical form (as In a generator). The power converted 
to or from mechanical form is, from (111-86) through (111-95) then^ 



P = k (l^X^ -^i^X^)a, (111-96) 



In the case of a motor this pow^M- is shaft output plus the mechanical Iq^^es 
of |riction and windage. For a generator, this power is shaft mechanical power Input 
minus the mechanical losses of friction and windage. 

The electromechanical torque, in the mks system is: 

•* 

T,=^ = k(I^V^-:ijA^) (1.1-97) 

The value of k is chosen to make the per unit torque equal to 1.0 when 
unit torque and unit flux llnkdges are priisdnt. For the four coil machine, two main 
circuits are present, i.e., the D and Q coils. For this machine, k = In 
general, k is the reciprocal of the number of main circuits. 

To ascertain the direction of the electromechanical torque recall the 
basic relationshrp", from electromagnetic flux field theory, for force, F, on an^ 
elemental length, de. , of a conductor lying in d magnetic field of intensity, B, 
and carryihg a current, I. (The bar on top denotes a vector quantity, i.e., one 
'which has both direction and magnitude). 



A- F = (I X B)d 

Torques are exerted on the rotor and stator (equal and opposite) but since 
the rotor is free to turn we shall consider the torques only on the rotor. Recall that 
the cross product of two quantities along the same axis Is zero. Therefore, we need 
only consider the effect of on the Q winding and X on the D winding in this 
machine. This was verified analytically in the previous* section. 
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windings. 



Flggr« III-8. deplch the force on lelectA^lnductors for the D and Q 



Fa 



Torque resOlHng on winding i$ 
. and 1$ in ^h© direcHon of 
the rotoHon 








J 


1 I 

0 














(b) 





Torque resulting on winding islccw 
and is opposite to the direction of 
rotation" 



Figure 1 1 1-8. Torque Directions 

The'^orque on the Q winding is in the direction of rotation. This Is o 
motor; ;(herefore, this is logically positive torque. The torque on the D winding 
is then negative torque because it is opposite to the direction of rotation. 
Equation (111-97) agree(^^ebraically with the physical reasoning presented here. 
This Is the reason for defining the specific current directions in the D and Q 
windings. » . 



\ We must also describe the electromechanical relationship between electro- 
mechaniAjl torque, the moment of Inertia (in per unit) and the torque required by 
the load, Load torque Is usually a function of speed.'' From Newton's Law of 
dynamics! for a mechanical system; 

A) 



where: 



T|^(<^) = load torque 



(111-98) 



developed machine torque 



M - moment of inertia of rotor and load 
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III. 5 SUMMARY; W« can now $umrTKarlij|_^© mathematical relations which models or 
describe, the 4 winding generalized mrfchlneTXPosIt quantities denote a motor. The 
equations used are (111-51, -52, -54/ -55) for tlW flux linkages, (111-82, -83, -84, -85) 
for tfie volkige-curreht relationships and (111-97, h98) for the electromechanical relationships 

Vf = (111-99) 

' V,==r,l^.^ -.A^ (111-100) 
" 'Jn ^ HT^ ^ ^'^^ (111-101) 

q q q dt d 

V = r i + -~f^ (111-102) 
9 gg dt 

= Tl(u)) + M I""* - (111-104) 

/ ^f^Vf^^-df-d ^'"-^^'^ 

^ d = ^d'd ' ^df'f J 
A = L i + L i (111-107) 

.J qq qgg 

\ + Li (111-108) 

gg q9q 

Ik 

In subsequent chapters, we will relate specifip types of machines to the 
generalized machine model developed here» Since we have derived the applicable 
equations, behavior can be'*'analyzed by mathematical manipulations on the appropriate 
equations (MI-99) through (111-108). We must study specific types, of machines in 
order to deterrtflne which of these equations apply to a specific machine configuration. 
These equations are written for a motor.** For a generator, the direction of current in 
the power windings, or coils would reverse. Also, of course, would reverse 
(negative sign) because mfechanicali^ower flows into the shaft, rather than out as for 
the motor. would have a ne^|fftive sign because of the change in direction of the 
currents. 
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CHAPTER IV - D,C, MACHINES 

IV. 1 INTRODUCTION; The baste, ettentlal, fmatww of a d.c. ipachtne are shown 
In Figure IV- 1, Note thot this Is a hvo pole machine while. In practice, the machine 
may have multiple pairs of poles. 




Figure IV-1. Schematic Represenkition of a Conventtonol D.C. Machine 



Note that the rotor has bean designated as the armature and the F 
winding designated as the "field". This Is customary In d.c« machines. The 
conventional D.C* machine does not have a D winding oh the rotor, nor does 
It have a G winding along the q axis on the stator. It would be difficult to 
imagine a more simple configuration for analysis. 

^ The field winding (F winding) Is either a concentrated coll consisting 
of a few turns of large cross sectional area wire or many turns of relatively fine, 
o^ small, cross sectional wire. The former Is usually called a "series field" 
and the latter a "shunt field". Common types of electrical connection for the 
DX. machine are shown In Figure IV-2. 




The fl«!d winding provides "exclfoHon", I.e., eshablkhes fhe magnetic 
field, X^, Since flux linkages are proporflonal to the product of current and 
Inductance and Inductance Is proportional to the square of the number of turns, the 
general Idea In the shunt connection Is to use a relatlvdy large number of turns to 
keep the current (and power converted to heat) as low as possible. For . the .series 
wound machine, the current from the power circuit flows through the series- 
winding. The current in the power circuit Is on the order of -20-30 times larger 
than that which flows In the shunt field circuit In a well designed mochlne. 
From ,the standpoint of losses as heat, the coll for b series-wound machine should 
be desl^ined with low ohmic resistance. There oVe other reasons why this Is 
desirable (such as "regulation" - either voltage 6r jpeed) and these will be developed 
later. Since the current Is relatively Targe, fewer turns can be made to yield 
the same value of flux linkages as p winding with many turns carrying a small 
value of current. The point of this discussion Is that the field coll and the 
armature can either be In series or In parallel, but the field coil must be designed 
for the desired combrhatlon. Some d.c. machines have two field coils - one 
for series connection and one for shunt connection. These machines are classified 
as "Compound-'wound" and would hove two F windings, F^ and Fo, as discussed 
earlier in connection with the description of the generalized machine. The shunt 
coll Is usually much stronger than the series coll. dnd the machine has characteristics 
similar to the shunt machine although modified by |he load current through the 
series coll. The cj)mpound wound machine can be further classified as cumulative 
or differential compound depending on whether the series flux Is In the same or 
In the opposite direction as shunt winding flux. The schematic representation for 
a compound wound machine Is shovm in Figure IV-3, 
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In dMcrJbIng the shunt coll as being connected In parallel with the 
armature coil, we should perhaps describe it as being designed for connection If 
we so desire^ That is to say, it is designed for rated voltoge of the armature 
coil and may either be connected directly in parallel with the armature ("Self 
excited") or connected across a separate circuit of the some voltage rating as the 
rated voltage in which case it is "separately excited". These terms are especially 
appropriate when we refer to a generator or to a motor powered from a variable 
voltage source* 

Examination of a large d.c* machine may indicate the presence of 
additional windings, such as series connected turns on small poles between the 
main poles* The main poles are located on the d axis, ihe small poles referred 
to here are located on the q axis. The purpose of these. small poles, called inter- 
poles, is to assist in the commutation process, i.e., the switching of conductor 
connection by the commutator as the rotor turns and commutator segments pass 
under the brushes* Another form of winding consists of inductors (or conductors) 
embedded in the main pole face and series connected. These are called 
"compensating" windings dnd their purppse is to compensate for the flux changes 
in the air gap that results from armature current and magnetic non linearity. This 
phenomena i? referred to as "armature reaction". Both the commutating and the 
compensating windings act to correct phenomena which cause the machine to deport 
from an idealized machine and do not contribute to the energy conversion process* 
An' understanding of their specific details is not essential to an analysis of machine 
behavior based on the linearised version of the^machine. 

The equations describing the generalized machine can be modified, or 
adapted, to the d.c. machine if we specify how the d.c. machine is connected 
and In what mode It operates, ue., as a motor or generator. Several examples 
involving various configurations will be analyzed in this clKpter. They are: 
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1 . The Shunt Connected^ Separately Excited Generator 

2. ^ The Shunt Connected, Separately Excited Motor. 

3. The Series Connected Motor. 

4. The Self Excited, Compound Connected DC Machine on Short Circuit, 

One might reasonably ask why we choose a separately excited generator 
rather tKaih-salf excited. There are two reasons - the first being that this Is .a 
common method of operation in control systems and the second being that t he 
operation of a self excited machine acting as a generator depends on the non- 
linearities present. With a linear machine (i.e., linear flux vs. excitation) 
the mathematics will^convlnce you that It cannot work. The physical reasoning 
Is that when load Is switched on, the voltage across the field drops, excitation 
decreases, causing still more voltage drop,,, etc, until the voltage collapses com- 
pletely. However, a real machine, with non linearity, does work. There are 
techniques available (graphical, by computer, and by Iteration) which enabU us 
to analyze self excited machines with.non linearities. \ 

IV. 2 THE SHUNT CONNECTED, SEPARATELY EXCITED GENERATOR WITH SWITCHED LOAD; 
In this analysis we will assume: ' ' 

1. The gj»nerator is driven at constant rated speed, i.e., 
w = 1 .0 per unit. 

2. A load consisting of resistance, Rl and Inductance, Ll Is switched 

^ at t = 0. ' 

3. We will excite the F coll from^a constant voltage source and 

will collect D.C. Current from t.ho Q coll. (The usual configuration). 

Recall that the equations for the generalized machine (111-99) through 
(111-106), were written for motor action. For the generator, the current is In the 
opposite direction frorr/that used for motor action. We will denote the terminal 
voltage and load current by thp subscript a. 

Thus: 



Simtlarly, 



L^=L<, r^=r^; (IV-2) 



Note the absence of the D winding and the G winding. Also, since 
^ = constant, equation (111-105) becomes: 



T^ ='1^W) (IV-3) 
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The minus tlgn Indicotas mechanical power enters the shaft, vafher fhan 
being taken from the shaft and the equalU/ states that the mechanical power used - 
to drive the machine Is all converted to electrical form. This Is true only If we 
neglect the mechanical losses In the machine (friction and windage losses). The 
appropriate equations from (111-99) through (111-108) can then be rewritten as follows: 



dl, 

r " 'f'f " *"f dt 
di^ 

^a^ Va =-Ljflf (IV-5) 



a,(.} A ) = I L = P . (IV-7) 

ad a f at mech 



where P , 1$ the mechanical shaft power Into the generator, 
mech 

The F and Q windings ore in quadrature. Therefore changes of cXjrrent, 
i , in the Q winding do not affejct the F winding since no magnetic coupling* ex lits 
iJetween them. At t = 0, ij. 1$ in the steady state condition and has a value. 



i. = (IV-8) 



i f remains constant at this value. , 

Taking the Laplace transform of {\^-5) yields: - 

. ^a(*) ' (^a ^ 'a<^) " ^'a^^^ = T" „ 

Frc5m the problem $taterTlent> j (0) = 0. However, since the generator 
was rotating- and excitation current i^ existed, a no load voltage existed at the 
terminals of the generator. From (lv-5) with i^ - 0, 

.v,(0) = "Lj,if • (IV-)O) 



V, 
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From (IV- 10), If con be deUrmlned at a funcHon of no load voltage. 
If this Is done and lubsHfuM In (IV-9), we have: 



V (s) + (r + L 5) I {sX 



Va(0) 



ahon IS 



IN (Vl-H) We have two varrables, v ($) and {^(s). Another equation is 
required In order to obtain a solution. This additional equation can come from the 
relationship between terminal voltage v^, and load current - which Is the current 
I Thus: 



{IV- 12) yields the trCinsformed equation: 
v^(s) = {R^ + Ll?) I^(s) 



where: 



which Is: 



v.<s) = 



0 -R^^d + T^s) 



V r,(l.T,s) 
1 -Rl(1 + T^s) 



\0 + Tls) Vq(0) 

+ T^s) + r^(l + T^s) 



(IV-12) 



(IV-13) 



Equations (lV-11) and (IV-13) can be solved for either I or v-, V Is 
probably the variable of. Interest so we will solve for vJt). Thus: ° ° 

/ 

Va(Q) 

— ^aO + V) 



(IV-14) 



(IV-15) 



wher%: 



(Rl + r^> I « 0 + T s) 



(1 .+ \s) 



T = 



r + R 
a L 



(IV-16) 



(IV-17) 
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W« can apply the Initial Value ond Finol Value Theoreim to (IV- 16) to 
determine the terminal voltage at the Instant of closing Ihe twitch and after the 
machine reachei a steady state condition. Thus, / ^ 



Limit Vg(t) = Limit s V^(8) = Limit 



t -K) 



t -m 



or: 



r 'i 


\ 




(\ 




I s 






■ L, 


L ' 


V,(0) 


- L + 
L 


L 

a 



V^(0) 



(IV-18) 



(IV-19) 



Note that V^O) Is the) terminal voltage before load Is switched. Limit 
V (t) Is the Instantaneous voltage Immediately ofter the load is switched. For Ihe 
steady state value: 



Limit V^(t) ^ Limit s V^(s) = limit -r—^ V^(0) 
t-»" 8-H> s-»o L a 



l + TlS 



I + T 



(lV-20) 



or: 



R. 



Limit V„(t) 



t-^ a 



V„(0) >= V 
a a 



tlV-^1) 



where Is the steady state terminal voltage. IF (IV-21) is rean-anged, we have 



(IV-22) 



Recognize that the steady state current i^ is steady state voltage divided by load 
resistance. Thus: 

V^ 



'a - R 



(IV-23) 



If (lV-23) is substituted in (IV-22), we have the steady state terminal 
voltage characteristic of the separately excited shunt generator in terms of load current, 
no load voltage, ^nd armature resistance. Thus, 



V =4 

a 

This is a linear relatlonslyip and 



plots as shown in Figure IV-4. 



(IV-24) 
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Figure iy-4. SUpl^ State Voltage-Current Characteristic, Separately 
Excited Shunt Generator 




A measure of the obllity of a generator to maintain nearly constant 
voltage is the so called "voltage regulation". By definition; 

Va(0) Va(fuinoad) 
% Voltage Regulation = (full load) " x ^00 

It should be emphasized that the above Is representative of the steady state 
relationship between terminal voltoge and loa>^current. It may be that. the terminol 
voltage as a function of time, after load Is switched, is desired. This Information 
can be obtained from the Inverse of (IV-16), Thus; 



v^(0 =^ (v^(s)) = v,(9)' Ji . V- ^ ) 



V„(0) 



R. 



1 



(IV-25) 



(IV-26) 



Va(0) 



(1 



c ) + 



-t/T 



(IV-27) 



. The response described In (IV-27) can be plotted as a "function of time by' plotting 
^.«ach term and theru^jraphlcally summing. This Is as shown In Figure (IV-5). 
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\U,i.o) 




Figure IV-5. V^Cf) for fhc Separafely Excited Shunf Generator 



, We can summarize the response by noting that the voltage dips instan- 
taneously and then varies In an exponential fashion to the final steady state Value 
determined by the load resistance. The initial dip v/ould occur in spite of a voltag* 
regulator which would sense changes in output or terminal voltage and the*;) act to 
change Vf or ff in order to restore Vp to its prior value. The time constant 
associated v/ith the voltage variation is determined by the total inductance and 
resistance in the armature circuit. 
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To InvesHgate translenf behavior of the ihctft power Input to th« 
generator, refer to (IV-?) and (IV- 10): 



V (0) 



(IV-28) 



or 



Then; 



= -Va<0) !<,<.) (IV-29) 
We can uj« a va\v» of ^^(^) as determined from (IV-11) and (IV-13). 



V„(0) 



s 

0 



^ a a 
1 -(r, + L, s) 



(IV-30) 



where: 



Applying the Initial Value Theorem: 



1 



s (I I T s) 



T = 



R, + r 
L a 



(IV-31) 



(IV-32) 



(IV-33) 



This should not be surprising since the machine is at no load, electrically, 
and we are not including mechanical losses (friction dnd windage). Therefore 



''mech * - 0 *s zero. 



Applying the Final Value Theorem yields: 



Va (0) 



f .-♦CO * U 



R 



(IV-34) 



s -♦o 
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' ■' ^ t 

Again, thit is a reasondble answer for a physical reasoning standpolnf. 
Since field curr^n^ and speed do not chorige, the Induced voltage remain the same 
o\ the no load terminal voltage and the steady stote power Input will be the total 
power dissipated as heat In rg and R|^. 

From the Inverse transform of (IV74I), wo have 

Pmech(^) =- r-FT (1 - ^ ) * (IV-35) 

L 

The minus sign means mechanical power into the machinee 

example wifl serve to illustrate the use of the equations and also^^ 
conversion frofn actual values to per unit values* 

Example' ^ 

A D.C. machine, operating as a generator, has the following rating: 
200 Kw, 250 volts, 90.0 rpm. . 

Test results yield the following: 

field resistance, r|: " 33.7 ohms J 

q axis armature resistance, r^ = 0.0125 ohms 

field inductance, = 25 he,ory 

q axis 'armature inductancie, - 0.008 henry 

When driven at rated speed, no load, an emf appears, across the q axis 
armature winding equal to 22.8 volts per field ampere of excfitation. In this problem, 
the 'generator is being driven at; 1500 rprm At t = 0, a series load of 0,313 ohms ^ 
resistance, Ri, dnd 1.62 henry inductance, Ll, is switjqhed onto the q axis armaturef 
winding. Prior to t ~ 0, the field winding has 230 volts impressed upon it and 
the current in the field has reached st)Bady state*'' - Find ^/^(t). 

The value of L^jrcan be ^etern^ined from the no load test information 
by using equation (IV-5): 

di^ 

^ ""a'a La dT ^f'f * (IV-36) 



For: 



•a =0 



S.^- - Ldf=J-T— ^ (IV-37) 

f 



c 67 ^ 

900 I 
Now, 7^ = 22.8 v^en w= j^y- x 2 if= 94.4 rod/sec. ' From which 

22 8 ^ ^ 

.»-df= 90"" ^•^'y 

Using actual values, and suMUuMng rtie values In (IV-17) and (IV~27) 

yields: 

• ( . •,..-„■ 
* . T = _ > M.62 ^: 0.008 ^ 

■R,. + r y 0.313 t 0.0125 . 

Vo(0) ' ' -t/T VJO) -tA 

v^(o = -— -(I -e ) t. — l; ' , ('^-27) 

230 , 
For t\ <0, = 230 and 1^ = ^Jjy = 6.82a , , 

Va(0) - ca.dfV= ('^^—)(0.242)(6.82) = 259.1. (,v.38) 

, ' + 0.0' 25 

'^RT^ 0.313 . 



, ^cf 1 + 0.008 

» 

■. ' -t/5.0 -t/5.0 

'V^(0 = 249.16 (1 + 257.84 e ^ (IV-39) 

This iniHal value of voltage, after <^he switch is closed is 258 volts. 
The steady state value* for t*^ > 3T, t > (3)(5) is 249. , 

If we worked this in per unit, we woul.dj^MHfSped as follows: Firs^f, 
choose a voltampere base oi.200,000 watts, a vol^^^fjPibse of 250 volts, and 
a base angular velocity of 1 .0. Then 

200,000. _ . . 

•b = 250 ~ ' K 
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« ' «W|^z^ « 1.0 ^< 0.3125 « 0.3125 

Convertlnd the varloui pctual values for the machine to per unit values , 
yields \ C ' ' ' 

230 

: at t = 0, ef - 0.92 pu 

^^•^ = 107.84 pu . • 



0.3125 

25 



■f 0.3125 



80 pu 



1.(0) = -ML = 0.0085 



107.84 
0.0125 



■ = oils 




0.3125 



= 0.04 



0.313 
0.312! 

^ 0.008 
-a 0.3125 



0.0256 



900 rpm = 30ti rad/sec = 30Tr pu 
^5 



* 1500 rpm = Q~ X 30ti = 50ti pu 
An operv circuit, at rated speed 



and; from (IV-^7) 



V (0) = 22.8 volts/Held ampere 
a 



22.8 

=^ 0.242 henry 



df wi^ 30 Ti 



Ldf= Wt> - '''''' 



ERIC . ^ 



Using per unit voloes, 



^ 5.184 X 0.0256 ^ 

T IS 1 = 50 

1.0 ^- 0.04, 



Va(0) = -Ljflf 



(50Ti)(0.7745.)(rj^^) 1.037:^5 



' 0 04 



1.03735 -t/5.0 I /x*57Uc 



1 .03735 
1.0049 



* « 



)' -"t/5.0 -0.0 V 

^ 0.99745 (1 -e ) f 1.03229 c ^ \ (IV-40) 



■ - ■ ■ \ 

The value, of V (0. per unit, at t = 0, Is 1.03229. This is an adtuol value of 
V(1.Q3229)(250) = 258. \ 

... . • ' \ ■ ^ 

^ The values of ^/^(t), in per unit, at values of t > (3)(5) is 6.99745. 
TMs Is an actual value of 249. . ' 

These values obtained by calculation in per unit agree with those obtained 
)^ by calculation' usir^g actual values. ^ ; 

\ ^ The voltage before load was switched and while the machine is cunning 

at 1500 rpm is: 

V,,O)=»)c0.242),i2,)fo., .0 



= 259 
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A plot of Vo(0 for this example If shown In Ftgure IV-6. 





i 



\ 



>- \ 10 , . I ST S-*«-«M*.iv 

t ' ' ^ - ■ 

Figure IV-6. Terminal Volhage as a Function of Time 

The volfage regulation can be calculated as (since 1.0 pu load was 
swifched on): ",.3? 

259 - 249 

% voltage regulation - + ( " 

The steady state voltage-load characteristic for this example is shown 
(assuming linearity) in Figure IV-7. 



\ 800 

OJVO .Ci'^^' 




cjuLrreMit" 
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Figure IV-7. Steady Stafe TerminCil Voltage as a Funeti<sn of Load Current 
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•V*3 THE SHUNT CONNECTED, SEPARATELY EXCITED DX, MOTOR: This mofor 

Widily used tn tnduftry b#cau$i of th« doie with which fhe tp«ed-torqu« charcicf^rlsHc 
><}f th« motor con bn varl«d. Sch«mot}cally, th* windlna ar« connected o$ shown in 
Ftgur. (IV-S). 




Figure IV-8. Soporafoly Exclfed D.C. Shunf Motor 



Our analysis Is concerned with the speed variation with lood torque. We 
will assume the mechanical losses (friction and windage) of tfie motor are negligible 
(or they could be Included with the load torque requirement). The valufs of r^ and 
r^ Include the resistance In each of the windings as well as any external resistance 
we might add In order to obtain a desired characteristic. The moment of Inertia, 
J, Includes the total moment of inertia connected tol the shaft, I.el., for both 
the motor armature and load. We can mathematically describe the' motor as follows: 
f 

dif 

di \ 
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In order to proceed with the analytli, tnlHal condttlons are required. 
The jnltlal condltloni required ore the voluet of Ip I , etc. at t = 0. At 
t « b, the machine It operating In a steady state condltlop. Therefore, all time 
derivatives are zero. From (IV-41, -42, -43) denoting Tl(w) at t = 0 as T^(0), 
at t = 0 as to(0) etc. 

Vf = r^lf (0) ^' 1^0) = V/rf (IV-44) 
Tl(0) =Ljfif(0) 1^(0) (IV-.45) 



T^(0)rf 
L^f^f 

2 



1(0) = ^^ (IV-46) 



U) 



Va'f ^T, (0) r,' 



•dff Lj^., 



In this analysis, \ve will Investigate only variations resulting from changing 
mechanical load. Of course, the armature current will vary Wfth time, but the field 
current will remain constant (no coupling between armature and field). We need only 
solve the latter two of the three equations (IV-41, -42, -43). Taking the transform. of 
these, we have: 



V ^ L 



y - r^ fl + ~s)l (s) - L i^(0) -fLjf{^co(s) " (IV-48) 

/=Ljfif l^(sy - J so, (s) + J (0) * (IV-49) 

In order to obtain behavior characteristics for the simplest case. Consider 

that the mochine is at no load at t = 0 and that armature inductance is negligible 
(an often used assumption) and that a step type torque load is impressed. For no 
load, from (111-106); ' ' ^ 

Te=0=i^A,= i^d='aLdf'f ^ ^'^-50) 



or: 



and: 



I (0) - 0 . 



(IV-51) 



(IV-52) 



From (111-101) and (111-103); (wifh i^(0) = 0) 



1 



or 



(0) 



Vf Ldf 



t 



(iy-53) 



(IV-54) 



Using (IV-51)/ (IV-52) and -(IV-54) in (IV-48) and (IV-49) yields: 



V 

r I (s) +L - 



f 



V. 



(A) 



($) 



(IV-55) 



df r 



We can solve for to (s) as fol|ow5: 



60 (s) = 



J $ w(5) 


= - J 0,(0) t - 


|ow5: 






■•'•a ^ 








dfff 


- J 0,(0) + — 
s 



V 



f 



a < 



df 



f 
J s 



r J w(0) + 

r, 



f 
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(iy-56) 



(IV-57) 



(IV-58) 



Applying fhm Final Vo |u# Th«or«m yUldi: 



Applying th« Inlfial Value Theoitim yiel^: 



V ^ L ^ 



(IV-59) 



a)(0) « limit w(f) « IMI^ $ w(«) =w(0) 
We will define an apparent f\me conitant, T, as: 

T = 



(IV-60) 



I 2 w2 



(IV-61) 



with this defined value of T, and the value to ^roro (IV-59), we can express w (s) 
in {IV-^8) OS 



s(T s + 0 

Jhe inyerscl Wlftform of (IV-62) yields &>(t) as: 



ss 



(IV-62) 




0) 



(t) ^J] , ) +(O(0) € 



tills solution l$- plotted in FlguM^JV-^. 



- (IV-63) 



J- 




T 



i 




Figure IV-9./'w (t) for Stjep Torque Load on a Separately Excited Shunt Motor 
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From Figure (IV-9) the t^eed change with ttme it exponentially decreasing 
to Itt steady state value. The time constant associated with the machine Is a function 
of armature circuit resistance, moment of Inertia ^the field reslstonce, field voltage 
and mutual Inductance of the d axis. 

The steady state speed-torque characterlstis Is of extreme Interest and the 
fact that it can W^^<||y varied, or oltered, In a D.C. shunt motor accounts for the 
widespread useage an^ popularity of thls^ motor. In spite of the necessity for providing 
a source of DC power and the increased maintenance problems (due to brushes, mainly) 
associated with the DC machine. 

From {IN^v;;)^he variables which affect the speed torque relationship ore: 

1 . the armani^ voltage, 

2. the armature circuit resistance, 

3. • the field current, changed by changing Vf and/or rf. 
Replacing the ratio to r^ by the field current, ip (IV-59) becomes: 



In order to examine the various possibilities we will e>^amine (IV-64) under 
various conditions. For exomple, consider all external resistance in the field circuit 
removed and rated voltage applied to the field circuit, i^. is constant and (IV-64) 
becomes I 

This is the equation of a straight line when steady state speed is plotted 
against load t^^rque. A family of curves are obtainable, as shown in Figure iy-10(o) 
If the voltage applied to fhe armature circuit is varied from zero up to rated value. 
The slope of the characteristic (for fixed Vq) Is praportional to the armature circuit 
resistance. This is shown in Figure IV-10(b), which depicts the situation where if and 
Vq are constant but various values of armolure resistance, r^, are used. 1 

Now/ consider that rated armature voltage, V^, and rated field voltage V|: 
are applied and that all external resist%ru:e from the field circuit is removed. The 
resulting speed is the so callera *'base speed'' of the mofor. In order to increase the 
spe^d above the base speed value, the field current, if, must be reduced - either by 
increasing field circuit resistance, rf, or by reducing the volioge applied to the fiel d, 
Vj-, The resulting speed torque characteristics are shown in Figure IV-10(c). 
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(a) Speed-Torciue VariaHon Below "Base Speed". Full Field Currenf Applied 
and Malnfalned Cdhskint and Armafure Resistance Constant. 




V 



(b) Speed-toraue Variation by Changing r . Applied Armafure Voltag^ and 
• Field Current Consfanf. 



ERIC 




(c) speed Control^ Above Base Speed. 
Rated and varying or r^ 



Figure IV- TO. Shunf Motor Speed Control 
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Voltage regulation Nyat previously defined for the generator. In the some 
fashion/ can define percentage speed regulation. Thus: 

^(0) - (4 ,^.)x 100 

% Speed Regulation » ^ ^ ^ (IV^6) 

full load 

t 

Note that speed reguloHoh increases with increasing r^ when losing fixed field, 
voriable armature voltoge control and with Increasing w(d)^ (decreasing when using 
fixed armahire ctrcuif voltage and resistance with variable field excltotiofv control • 

In addition to "base speed" as defined above, machines have a "top speed" 
limitation as determined by mechanical considerations, i.e., bearings, winding centrifugal 
stresses, etc. 

Below base speed, the field current is constant at its InaxJmum value. There 
is a moximum value of armature current possible because of the heating losses in the 
armature winding. Since, in steody state, th<|^ torque Is proportional to if and 1^ the 
torque limitation is constant at the continuous "^^•"^'^'^ vaKdte for speeds from zero to base 
speed. With .constant torque, the power rating is linearly pr^aportional to speed. 

\ 

Figure IV-11 depicts the torque and power limitotionsv over the same speed 
range. When base speed is reached, higher speed is dbtoined on\y by decreasing the 
field current. For purpose^ of illustration, with negligible armature resistance, from 
(IV-M): . * 



1 

»f 



(IV-67) 



and from (111-103) and (111-106) 



/T^if * (JV-68) 

From (IV-67) and (IV-i68) 

T^i ^ ^ (IV-69) 

Thus, the torque-speed lihnitatiorr between base speed and top speed is 
hyperbolic, as shown in Figiire IV-11. If both sides of (IV-69) Ore multiplied by 
CO , it can be seen that the power is proportional to a. constant for the speed range 
obtained by field control, as shown\irt Figure IV-11,. 
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Figure IV-11. torque and Power Limitations - DC Shunt Motor 

IV. 4 BL OCK DIAGRAMS: In system analysis It is often helpful to have block diagram 
representation of^ entities comprising the system. To Illustrate the procedures to be 
followed in the derivation of the block diagram, we will go through the procedure for 
the shunt connected d.c. motor analyzed In Section IV. 3. 

Block diagram representation is simply combining the various transfer 
functions, derived from the mathematical model of the device being represerited, 
to represent the system as a whole. A transfer function cannot include initial 
conditions but InitiaU conditions can be incorporated into the block diagram. To 
Insure the absence of initial conditions, we will deal with changes \i\ the vaptous 
variables and add the initial conditions after deriving the representation for the 
changes in the variable. If all changes result from something that takes place at 
t = 0, the changes' 36 not have Initial conditions and transfer function representation Is valid; 

T^e block diagram representation Is often obtained as a prelude to computer 
representation of the jJevlce or system. Sinceyoth flel d voltage and armature voltage 
can alter the shunt, connected DC motor l^atyw^or, the representation wilTbe based on 
all three ofthe describing equations, (IV-41, -42 and -43), 



dl 



f 



These equations are: 

Vf = r^l|"L^d, 
dl^ 

V = r i f- L„ +^ L .f«f 

a 'a a ° dt ^ 



^df 'f'o ^L 



do) 

w 



(IV-41) 
(rV-42) 
(IV-43) 



7^ 



Conitd«r thof^th* varlobUt, Vf,lf,Va,lQ,T| af^w In thM« •quoHont 
r«pr«Mn» tH« f»«acly valu« prevail Ing b«for» t » 0 plus 1h# portion of th« 
varlobU thot. chanfltf afi#r t • 0, Thot: 



If - lf(0) 

Vf - Vf(0) + A Vf 

Tl « Tl(0) + a Tl 



(IV-71) 
(IV-72) 
(lV-73) 
(IV-74) 
(IV-75) 



(IV-41) becomes, using (IV-70)r 



V^O) + AVf - r^(l^(0) + Al^ + ^(1^0) + Al^) 



Also, the steady state relationship, for t < 0 prevails. I.e., 

V^O) - 1^(0) 



(IV-7$X. 



(IV-77) 



Subtracting {W-TT) from (IV-76) and finding the Laplace Tronsfonn yields: 



^Vf = rjAlf + LfS Al^ 



AVf-rf (I +;7's)Al/ 



(iy-78) 
(IV-79) 



It Is current, L, that provides excitation flux and Is thus the variable of 
Interest In our modeling and block diagram. (IV-79) should be solved for Al^ to obtain 
the transfer fOnctlon as shown In Figure IV- 12. 



A I. « 



1 



r^l ^ ;f ») 



A V, 



(IV-80) 
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figure IV-12. 



Block Diagram Repr«»«nhaHon (Trantfar pMncHon) 
for (IV-80). 



Tliuit 




Equation (IV~42) con be subjected to the same rpanlpulation as (IV-^I). 



V,(0) ^ A - r^(l^(0) + Al^) + ^ (1,(0) 1^) V 

I . 
+ (u,(0) +Aa,.) tjjp!/0)'+A Jf) 

i 

Va(0) = r^l^(O) + 0,(0) L^lf(0) 

«• 

Subtracting (IV-82) ffom (IV-81) and transfofmlng, yields: 

A = A + L^s Al^ + Lj^i^(0)Au) ^ Ai^(O) I^Au)) 

Nofe fhaf A {Aw {{ a sacond order effecf which will be neglected* 

\n defermtnlng which varloble, or varloblei, will be inputs and which will 
be, outputs in the block diagram representation of (IV-83) we reason thot V* is an Input 
and that In the overall diggram co Is on output* An output' is dvallable to oe used as 
an Input if necessary (feedback). Some experience is helpful in deciding how the 
block diagram Is to be arranged* In this situation^ we will use^ as a first effort at 
leasts the arrangement shown in (IV-84) and Figure IV-13e ^ 



(IV-Bl) 
(IV-82) 

(IV-83) 



A i. 



(IV-84) 




Figure IV-13; Block Diagram for (IV-8^) 



For 



applying the some procedures. 



-df(lf(0) + Alj)(i^(0) ^ A|^) =(T 



UO) +A«) 



and, 



= T. 



^ 



From which; 





. t.. - . . : 1 

. a 






s 




A 60 



Figure IV-14. Block Diagram for (IV-87)'. 
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W« or* now In a posIHon to formula to the Block Diagram for fhe completo 
systom by combining Flgur* IV-12, IV-I3, and I.V-M. The rwulf It at deplctod In 
Figure IV- 15 and Figure IV- 16. 




^ CO 



Figure IV-15. CoonecHon Dlogrom Torj|Figure$ IV-12, -13, and -14, 



AM a. 










1 

k 


— -■ ■ f 




































r 




AT. 






« 



Figure IV-16. Block Diagram for Shunt Connected DC Moto? 



' Dip 



83 



If th« field circuit paromeUr* V|,lf, art malr>talntd xor^iKmt, the 
Block Dldorom of Figure IV- 17 It conilderably simplified and Is at shown \^ 
Figure IV- 17. 














r'-- - 









/ 



~7 




Figure IV-17. Block Diagram for Shunt Connecterf DC Motor -with Constant Excltotlon 



*^ From the Block Diagram, It can be seen that the shunt motor comprises 

a negative feedback system. » ^ 

. - ^ ■ ' 

IV.5 THE SERIES D.C. MOTOR; Jhe serle; D.C. motor has rather wide, usage In 
applications requiring maximum torque near zero (or stall) speed - such as In 
traction systems, etc. Because of the nonllnearlty Inherent In the analysis It will 
be Instructive to examine the method of analysis In detail . 

* . « 

The series trwchlne has a field winding which Is connected in series 
with the armature circuit. The applicable equations are: 



i 



V = r i + L„ "T~ 
a a a . a dt ° 



\ 



(tV-88) 



(IV-89) 



d d+ a 



(IV-90) 



T = ^ ,L = L I ^ 
e JO dr a 



(IV-91) 



♦ 1 



o 
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The I ^ torm In fhm%e eqoaHoni r«$ult« In th* system of equoHons 
being non linear.^ A technique for dealing with' this will be presented. First, 
we will examine the steady stdte characteristic of the motor. In the steady 
state, neglecting mechanical losses; 



, 2 



V = r 'i +wL I 



(IV-92) 



I can be ellroinated from (IV-92) and (IV-93) yielding; 
a 



V 



a 



^dV^ r_ +a,L 



From (IV-94), as w o 



. V 



a 



2. 



df 



\ " ^d* 2 ^df'a 



(IV-94) 



((V-95) 



In othdr words, Jl is proportional to the square of the cun-ent flowing when 
current Is deterrfuHed only by applied voltage and armature circuit resistance, i.e., * » 
no counter electromotive force, uX , exists to limit current. ^ Further, w-»-<», T^-^ o • 

The steady state characteristic is shown in Figure IV-IB. 



60 
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Figure IV- 18. Series DC Motor Speed Torque Characteristic 
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^ Bacouta of fha excattlvoly high spaadt ratulHng at L 0, cora musf 
he axarcltad In fha opplIcoHon atpactf of tarfat motors* Balf dnvai ara navar 

used bacausa of tha possibility of .o half fallura ond consaquanf unloading and 
ovarsp^adlng* 

Ba causa' of fha non llnaai; dlffar^flal aquations wh(^ dascrlba tha DC 
sarlas motor^ (IV-88, -89, -PO, -91) tha dynamics of ^a motor ara Bast studlaci 
using a computar. Hovtavar, wa can ut{||za Yha tachrtlqua of "llnaorlzjng atout an 
operating point" to eliminate the non linearity • jThls technique Is only vqlld for 
extremely small changes In operating condition from the steady state oparatlr^ 
points It does yield considerable Insight into the paf-tem of the dynamic behavior 
and does permit the application of linear analysis techniques to the soh^Kon of the 
describing equations. * ^ ' 

In effect, we will consider the machine to be in the steady state • 
condition with soma load, Tl(0)* We ^ill introduce a small change in load, 
ATi and observe the oscillations .which result* Wa will denot% all the other 
variables in the same fashion, fhus, at steady state, X 

» 

V^{0) = r 1^(0) +Ljf'<,(0) «i(0) ■ i(IV-97) 

For small changes, (IV-88, -89, -90, -91) becomes: 

}-d'^a^O) + Ai^)^ = TJO) +A J ^iUO) + Aafj : (IV-98) 

* 

V^(0) ; AV^ = r^(i^(0) Ta l^) + iJ^iijO) + a\) + 

' + UO) + Aa,)Ljf(i^iO) fAi^) . (IV-99) 

SubfracUng (IV-96) from (IV-98) and (IV-97) from (IV-99) talcing fhe 
h.ap<ace transform and neglecfing fhe second order differenfial yields: 

A T = 21 (0)a i - J s Ati) (IV-100) 
L a a 



ERIC 



■• 'VLjf 1^,(0) Ao) (IV-101) 
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In thU analysis, assume that Vq remains constant, i.e., aV^ = 0 and 
that the perturbation arises from AT^. If ATj^ is a small step input type perturbation 



T 



(iy-102) 



Also^ we^will denote<^ 



a 



c 



(IV-103) 



where T is the "apparent" time constant of the armature circuit and is the "appar^t" 
armature circuit resistance, <r 

We can solve for Au from: 



2LdfJa(0) 



R^d + T s) 



AT 
T 



0 



- J s 



df a 



AT Rq (1 + T s) 



slJ L/.JR^s.2L/^i>) 



(IV-104) 



a 



2l/f\ ^(0) 



AT 



1 



1 + T s 



J L 



a 



J K 



a 



2L.^J 2(0) 2L^^J 2(0) 
d f a d f a> 



s + 1) 



(IV-105) 



This is of the general form; 



f 



= A [- 



1 + T s 



^ 



,(L^,ii,. 1) 



/.(IV-106) 



V 



ERIC 



103 



87 



The inverse transform of (IV- 106) 1$: 



1/2 t 



AO) ^ A ' (1 ^ L_(t - 2 TU„ ^ t2 0,^ e " 5ln(«/ 1-^ f^^)) (IV-107) 



where: 



T 0, /I ^ ^2 ^1 2 

^ - tan'^ T - fan"' (IV-Tt)e) , 

1 - T 0)^ t - 1 , . \ 

\ 4 

It should be noted that an exact solution would not b« miWningful since we 
linearized our equations and they are valid only as the incremental changes -♦O, However, 
we can determine the frequency of oscillations and the time constant osipciated with the 
decay of these oscillations. \^ 

■ \ 

Comparing (IV-105), (IV-1()6) and (IV-107) we can determine \\\e following: 

\ 



\ 



(IV-109) 



— \ 

\ 

= undamped natural angular velocity \ 



and, since; ^ 



\ 



1^(0) - L^^i/(o) ^ (ty-110) 

(IV-109) cCin be expressed as: \ 



WO) 



ai = 
n J L 



a 



\ 

(IV-tll) 



? 



J " 1 / La J ' ' \ 

2 2L,2,>) 

1. \ 

The time constant, - — , becomes: 

- - ', 

n ! 

JL = 2 T ' (IV-113K 
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The actuol angular velocity of the oscillation i$ given by 



n 



(IV- IM) 



An analysts of this' type, while not yielding an exact solution, does give 
Insight into dynamic behavior. 



'ideal' 



IV.6 SELF'EXCITEP DX. MACHINE ON SHORT CIRCUIT; The 'ideal' d.c. machine 
would, if self excited, have a steady state short circuit current equal to zero because 
the fiel d winding would also be short cffcvited. - In reality, a steady state short 
current does persist" because the residual magnetism does provide some excitation In 
the direct axis. If the machine were tested by drivir>g iNat the regular- speed, 
'With no field current ond with the armature open circuited, a small voltage would ^ 
manifest itself in the^ axis brushes. This voltage, V^, is the rotational vo^tage 
•corresponding to residial magnetism, • The effect of residual magnetisn| is shown in 
Figure IV-20. "If the machine Is driven at a constant speed, and rhe armature 
circuit does not have connected load prior to the short circuit the armature current 
flowing is only that .which flows in the shunt field. This Is very small relative to 
rated* current and especidlty small compared to the sljort circuit current. It will 
be neglected.''' ■ . 

The circuit configuration we will investigate is shown in Figure IV-19. 
Most d.c. generators "which are compound wound, i.e., both series and shunt field, 
are cumulative connected. The series and shunt field ampere tyrns act in the 
same direction. . oo -4- 

Xi^Z. 




.V/. + V 



Figure IV- 19. Compound DC Machine on Short Circuit 
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^ The applicable equaHpps from (111-99) through (111-106) are: (adding 

the S winding and taking into account residual magnetism).* 

dlf . dl^, - . . 

Vf(s) - rfif + Lf ^ - LjflF 

^^a 



(IV-115) 



(iv-n6) 



The mutual inductance be+ween the series field and the shunt field is t^j^. Thete is a 

transformer type voltage in winding F due to changing current i^. Also, there is a 

similar type voltage in the armature circuit due to- changing current in the field, 

circuit. Tills voltage is neglected because it has a small^ magnitude relative to other 

voltages in the armature circuit. The ratio of series flel d' turns to shunt field 

turns is denoted by k. There are thus k times as many flux linkages resulting 

from I as from ir. 
a t 



For k < 0, 



VJO) =V^(0) -c.L^fif(0)^ 
V^(0) - V, 



df 



(iv-n7) 



(IV-118) 



For t > 0 



V — V = 0 
a f 



(iv-n9) 



Transfoiming "(IV~115) and (IV-116), we have: 



A= r.(l + ^ 



16 



V. 



0 = - (r -ku)LA|l+-~; ~- s|l +^1- I + -~ . 

'a d^' ""a ~ *^ '-df ° 



(IV-120) 



(IV-121) 



wt^ere 1^(0) is, given by (IV-118). 



We will define the following time constants and apparent armature circuit 



resistance R . 

a 



r 



s Rq = - k «^ L 



d-f 



(rV-122) 
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Tr = 



(lV-120) and (IV-.121) can be solved for 1^ as follows.: 



(IV-123) 
(IV- 124) 



V 



d^ 



u) L 



-R (1 + T s) 
a a 



V^(0) - 
dV 



(IV-125) 



(IV-126)' 



I '• w L .? 

a < 



(IV-127) 



T ' and T,' such fhaf 
a f 



In order fo simplify our analysis, we will define new fime consfanfs, 

2 . 



(1 + T 'sKl + Tfs) = 1 + (T^ + - R^)s + r,'Tf s^ 

of f 



(IV-128) 



From (IV-128) 



and: 

r 



T ' T,' = T T. 

a f ' a -r 



V ^f' ^« ' " 
7 07 



(IV-129) 



(IV- 130) 



In ^enei^l^ field circulf tlm* Constants are mOch larger fhdn armature circirff 
tln[ie constonKs* Ther©f6re, we can wrife: . *r' ^ ^ 



(IV- 131) 



dnd (IV-130) becomes/ wifh (IV-131); 



9 f 



and, JubsHfuHn^ (fV-132) info (IV-159) 



' (IV-T32) 



a 



(IV-133) 



Using (IV-128X in (IV-127) yields: 



o s) _ 



'a ~ R s 
a 



o 



^ (1 + V$)(l + T^'s) 



(IV-134) 



The inverse transform of (IV-134) gives '^^{t) o$: 



V 



(1 + 



'a^*> ~ R ^ ' ' T ■ - T 
a fa 



c » 



) + 



f 



1 



-a 



-^Aa' -^Af' 



f 



(IV- 135) 



Wifh^fhe assumption fhaf Tj.' T_', an approximate expression for (IV-135) is: 



f 



a 



V, 



V . V Tf 
'a a of 



Tf T 
•^a Tf R a o 



(IV-136) 



W©- will now define; 
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1 



Tf'R R ' 



When this is subsHtufred In (IV- 136)^ we have; 



a 



a 



-T5f-)c 



V„(0) ■ -tAa" 



(IV-137) 



(IV- 138) 



Equation (IV- 138) is ploHed in Figure IV-20. 




Figure 1V-20. ia(t)"for Short Circuited, Self Excited . 
Compound DC Generafor 

Note the current rises to a value very t;iearly equal to: ^ 

Va(0) 



(IV- 139) 



For \\\\% reason, R^' is denoted as the "transient apparent armature resistance^'. 
The current finally settles down, to a steady state value' as determined by the voltage 
corresponding to residual magnetism and the apjiKirent drmature resistance ♦ From (iy-122) 
this value isi less than the actual armature circuit resistance. 

Analysis based on valid assumptions, as acc^omplished here, are quite 
common in the study of the dynamic behavior of electric mochines. Because of 
hysteresis effects and the impossibility of exact repeatability of experimental results 
extreme accuracy of solutions to machine problems is not warranted - nor is it 
meaningful. We wHI do the analysis of other typieJ of machines by similar 
simplifying assumptions in later chapters. 
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CHAPTER V - CROSS FIELD MACHINES ^ 
The 2 Axis or Cross Field D.C, Machine (Metadyne) 

V.l INTRODUCTION: Machines with power windings and brushes iri vboth the q 
and d axis are called metadynes^ They can be used in d variety <jf applications - 
usually control systems - where power amplification with high speed response is 
necessary. ^ Our analysis will deal with the basic metadyne operating as a power 
amplifier^ I.e., we will introduce a signal into the field circuit ar)d will extract 
an outpuf with considerably greater power level from one of the armature circuits. 
The actual high pov^r level output comes, of course, from convenion of 
mechanical power (to electric form) which comes Into the mpchine through- the- 
shaft. The Input signal controls, of modulates,, the flow of mechanical power. 
The basic configuration which will be studied Is shown In Figure ,V-1. 

/ 



' V.2 THE BASIC METADYNE' ANALYSIS; In the basic configuration, current In 
cdll F establishes flux In the d axis. 7r~rotatlonal voltage Is Induced In the Q 
wirvdlng, which Is short circuited. Or^ly a relatively Ip^^-Yol tagBM«-.the Q 
winding" Is necessary for a heavy cufrent I- to flow-x^e currep/t l^ results up / 

n ru/Te fliiv ItnifCinAC With the ' 



an mmf and resulting flu>^^ln the q axis. The q j»e<Ts flux Unkfiges with th 
D winding result In a rotational voltage ajbpearlng at the brushes In the D 
' winding. TKte D winding supplies the load. . ^ 



ERIC 





*Frgure V-K Basic Mcftadyne Configuratton 
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The machine Is driven at consfant sp«94* The'tnput ilgnol Is Vr^If, 
line does not have a G winding. The Q winding U short circol tea. 
(refore Vq^'° 0. Since pipwer Is taken fro m the winding, Iq However, 

V^ and r J r^^. , » 



From (Ul-W) through (111-106), the describing equatlons^ore: 

dif ' dl^ . 

Yf = ' ¥ ' ^df-ar 

dl dif 
a a a a dt df cJt ""q q 

^'q ■ 



(V-1) 
(V-2) 
(V-3) 



Sine© a load R , L. Is connected across V , 
L L a' 



dL 



^ = \K ' k -dt 



(V-4) C 



Assume the syjitem-<1r^nltlally^j^excited. I.e., 

The Laplace transform of -2, -3, and -4) i$: 

V^(s) = rj(l f T^s) lf(s^s^^y ijs) 
V^(5) = R^(l t Tl$) I^(s) V 



(V-5) 



(V>6) 
(V-7) 



wh 



ere: 



•9 

.0 = rq(1 + TqS) IqW+cL l/,) +<»L;y.) 



•-f k 



q r 



Ml 



(V-S) • 
(V-9) 

(V-10) 
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Also, since co is a conshant, it Is customary to define: 



i In order to gain Insight Into cVosf field machine beKavlt>r and to simplify 

the analysis^ assumptions which are Compatible with etperlmentol retolts obtainable 
will be mode* These (assumptions are: 

K The transformer voltages Induced In^e winding b^ 
current change. In another winding are negligible « 
^ 2, The time constants associated with the D-and Q 
windings are nearly zero^ or at least negligible* 

3. The direct o^xis armature winding resistance Is very 
mMch less than the lo<j^d resistance. 

4 f 

these assumptions*, equations, {V-6, -7> -S, r9) become: 

4 ^ '» , % 

■f 




VfU) = rf<l ^+ ;^s) l^(s) 




V . v,(s) = Rl(i ^r-s) i^(s) 

\ ■ - L 



(V 



(V 




* . A block diatom representation of these equations is shown in Figure V-? 
For convenience, assume a negative V|:(s) in th*/ ir 




Figure V-2. Block Ditigram for Basic .Metadyne 



V 
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^ We will oll'mlfnit© V^{s) from (V-H, -1^ -13, -14)Jeavlng: 



Since: 



La 



(V-16) 
(V-17) 



■I 

- T. 



R, + r 
L a 




(V-]8) 



(V-19) 



' We can solve for I (s) as: 

a % 



1 (s) = 
a 



From 



v_ 

wKjch: 







0 


0 


0 






0 


r 

q 


r^(1 + Tfs) 


0 


0 


0 










. r 

q 


K 


6\ Vf(.) 





(V»-20) 



(V-21) 
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(V-22) 
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The minus sign means fhe current flow (ond Wmlnal voUage),ire opposlJe 
who^ we ossumed Jhey wou(d be. ' * ^ . 

If vyeiOssume Vf Is a s^ep inpoJ, I.e., Vf<4) ^ and apply »he Final • 
Volue" Theorem, we have: 



7 



LImU I (0 - llmir s I (s) 



'(^ S Vf 

^f ^^L^q ' W 



(V-23) 



* Refer back io »he Block diagram for the metadyne. Figure V-2. Note the 
negative feedback loo|^ which acts against the field (F winding) excitation. In effect, 
the load current tends to gflemagnetlze the mognetlc circuit. If we put another winding 
on the stator In the d axis and pass armature current through It, I.e., connect It In 
series with the D .winding, and^we connect It with a polorlty such that It opposes th^ls 
ilendfcncy to demaa»SetUe (act against the jp^^vvlndlng mmf) referred to above we cqn, by 
choosing the prof^r number of ampere turns, cancel out the Kj ig(s) term \n the last 
expression ' In (V->14). This eliminates one of the negative feedback loops and Is the 
principle of the "/^pipMdyne" Or "c6mpensated" metadyn^. For such a cOnflguratioh, 
(V-20) becomes: ' . 



f(l + T^) 


Vf(s) 


0 


0 


0 . 








^ 






Kd 


0 




rf(l + If) , 


- ■ ■ ■ 

0 


0 


0 


-R^d > V) 




Kd 


0 





Kd \ V^(s) 



(V-24) 



V-., we have 



If we'apply fhe Final Value Theorem fo (V-25), assuming a sJep inpuf 
Lim i^(t) - .^^ ^ 

t-^ 00 



/ 

(V-25) 



(V-26) 



(if 
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ComparUon of (V-26) with (V-23) Indicofes a much higher "gain" (roMo of 
output to Input) which Is Important If the machine Is considered as an amplifier. 
To see why this Is so, rewrite, for the block diagrams study, (V-ll, -12, -13, -14) 
with the l^(s) term not present and we have: • 



V 



1 



(V-27) 
(V-28) 



The Blocli: diagram representation of (V-27, -28, -29, -30y' Is $how> 
Figure V-3. Note that we haye eliminated one of th^ /iegative feedback loops. 
This explains why the "gain" is higher. .Load current nojonger acts in opposition 
to the input slgnaljVf. 




1. 














Figure VrS.* Block Diagram for Amplidyna (Compensated Metadyne) 



We cafv now calculate the power gain of the Amplidyne, This' is of 
, interest because the main usage of theAmplidyne is as a rotating amplifier. 

Let , ' 

P. = power into the field circuit 

It t, 
^1 power output to the load 



P: •= 



f 



. rf 
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{V-31) 



(V-32) 
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(V-33) 



From (V-26): 



/ 



and 



a 



^6 Xq Vf 
•■q \ "^f 



(V-34) 



Pi 



.(V-35) 



This can be an exfremely high value In properly design^i^cl m8fcl^||fe« V.^hjes 
on rtie order of 2000-50000 are nof uncdmmon. Thus \f is possible to ge)[ power on Hie 
order oM<ilowaHs ouf of such a device. The amplidyrvp has beerr used as fhe link 
between" low poWer error signals and the power stage in many pracHcol servomechanisms.« 
Usually an Amplidyne has multiple input windings, F^/F2/ .^./^^tc* l'^ order to provide 
for maximum flexibfllty^ 

) . - ' 

The^ values of the various constants, for a specific machine, necessary for 
performance calculations qan be determined by a rather simple mput-output test using 
sinusoidal input and the tectmique of plotting the voltdge gain as a function of input 
frequency (Bode ploH. This tej^ is described in the laboratory manual i" . 

) • . . /. 

The follov^ng example will illustrate the effect of compensarion on a meta- 
dyne and is illustrative of the power amplification possible with o well designed nfKichine< 



Assume a "cross fiel d" type of machine with the following rating a.nd 



parameters: 



2000 watts, 200 volt5,VlB00 rpm 
ft 

rf = 20 ohms; =^ 4 henry 
=0*4 ohms; L = 0.04 ohms 

q . /V ■ - 

= 'o "-d = >-„ = 0. 

= 12.0 volts per ampere 
K(^= 240 volts per ampere 



04 ohm$ 



100 ^ 



♦ 

^ A serins load of 20 ohms resistance and 2 Henrys Induchonce Is connected to 

the d-axJs brushes. 

Port"^! . For a metadyne conRgura/tlon (no* compensating field) find: 

a) Vj: necessary to produce 500 volts d.c. steady state 
* across the^load. 

^ b) Determine the steady state power gain. 

200 volts dc steady state across the load of 20 ohms is an armature current 
of 10 amperes. From (V-23) 

A \ ^ K • 

' ■ . 20 " i^(;,V^y ^'"') '0')' 200 /.. ■ 

In facf, in the steady state, , ~ , 

Vf , / 
'J 'rt I r R. >- ^ ' " 'f ' / (V-37) 



6 q 



In tHis example, for: 



or 



0.4 R, ' / . ^ 



<<7200 ohms 



1^ ^ Ij,, independent of and >he metadyne acts as a current 
transformer wherein output current is equal to input current* The steady state power 



gam is 



I If q L , , 



^ 20 



rf 20 ^ J ^ 
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Part 2. Part 1 will be repeated for' a metodyne with compensating field (an Amgjidyne). 
In addttidn, find V (t) for a stop input of necessary for 1^ = 10 amperes In the steady 
state . " 



i 



From iy-26) " ' • ' ' ' 

, r R| rr I 



( . \- '"^ 'f , (10?(20H20 ) =13^10^ 



' ^f (-) 



(V-41) 



From (V-25) 




(120)(240)(-J^^ 

. (0.4)(20)(20)!1 +?2sl!l + ?5sl 

4 z 

V^(s) - R^d M l^(s) 
w - 200 (1 + 10 ?) ^ 200 

a^'^ ^ ^rr^wnoir sim^ 

-t/5 ^ - > 
V^(t) - 200(1 - c ) volts ' (V-44) 

* » 

It shoulcl be noted that the "constant current" characteristic of the metadyne 
does not apply fro the Amplidyne. In fact^ in the steady state, for constant R^, we see 
fro£n (V-40) that 

V <=^V, ' (7-45) 

a f 



j^and the machine behaves as a yoltage amplifier ♦ Fron||j^-40) 

■ ■ ' !L^:<d.^^ (120X240) ^ ^ \ 

Vf i-q (0.4)(20). 

The advantages of a proportional amplifier capable of handling large 
• amounts of power should be ob>Aioijys!* ' 



/ 
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CHAPTER VI - SYNCHRONOUS MACHINES / 

VIJ THE REVOLVING MAGNETIC FIELDt In the polyphase synchronous machine, a 
number of cotls are dtstrlbuted around the periohery of one member of Hhe machine 
(usVally the stator) and or^ connected In suchlp fashion as to form a winding consisting 
of the Xjpproprlate number of phase windings. (Ke., three for a machine designed for a 
three^ase system) for each pair of poles desired. The nj^mber of poles Is determined 
from the specJflcatlon of desired speed the machine is to either run at br to bi driven 
at - depending on whether it Is a motor or a generator (usually called aOematc(r) and 
the frequency of the alternating current associated with the i:nachine. As developed 
previously, angular velocity, frequency, and the number of poles ore related by 



m 



(Vl-l) 



where 




f - frequency r'Rertz 
p = number of poles 
^m ~ <^ngular velocity, rad/sec (mechonical) 
' ' n = angular velocity, rev/rt\}n 



The pha^ windings, through distributed around the periphery (for ?ull 
utilization of the" magnetic structAjre) are located so that the oxls of the various 
phase windings ar^ displaced in space by an angle corresponding to the "time" 
anglfe associated with th^ electrical supply, i.e., 120*^ in space for three pha$e, . 
90P in space for two phase supply, etc. Figure (Vl-l) indicates, schematically, 
the configuration^ for a two phase and a three phase winding in a 2 pole machine • 
The phase windings are shown concentrated for simplicity. - 

mn ^ 




Figure Vl-l. Schematic Diagram Indicating Space Displacement 
of Polyphase ^Windings 

' Each phase winding is si/pplied with alternating, sinusoidal current in the 
case bf a motor, or each winding has such a current flowing in it in normal balanced 
operation of an alternator. These currents are displaced in time corresponding to 90 
for a two phase system or 120^ f6r a three phase system # An mmf results for each 
phase winding. The magnitude of each phase mmf pulsates with time and acts along the' 
axis of that particular phase winding. The coil distflbutlon and the design of the 
magnetic circuit are such as to secuw as nearly as possible, o sinusoidal distribution 
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In space of each of the phase mmfs. The phase mmfs combine to form a net,^ or 
rtsoltqnt, tomf In the air gap of the machlnb. We can analyze the net mmf by 
examining the Indfyidual phase mmfs and (applying the principle of superposition) 
taking their sum.' We will do this for a three phase machine. 

Assume a symmetricol w}n<l^g and voltage source^ l*e.^ balanced. 
The Instantaneous three phase currents are: 

i = I cos a)t (VI-2) 
^ . a m 

* i = I cos (ut T 120^) (VI-3) 

b m 

L = L cos M ^120°) / • (VI-4) 

3 

where 1^ is the maximum value aV>d the time origin Is arbitrarily taken fo$ the Instant 
when Ig Is a positive maximum. The plus or minus is used so as to Include either^ 
a-b~c or a-c~b phase sequence. We will denote space angle as 9 and the phase mmfs, 
denoted by F, can be ex;pressed at any Instant by: 

- F^(t) cos e (VI-5) 
' F^ F,^(t) cos (e -120) ' , - (VI-6) 

F (t) cos (G- 120) ' (VI-7) 

c 

where F(t) is the value of the mmf along its axis at any time t. Now F(t) Is directly , 
proportional to phase current (assuming a linear magnetic circuit) and we can utilize 

the time relationships in (VI-2, -3, -4) to establish the F(t)s for the varldus phases. 
Thus: 

Fi^(t) =.F^ cos.^'t + 120) (VI-9) 

F^(t) = F^ cos (^t i 1^0) " I <VI-10) 

Note that the maximum value of the mmf in each phase is the same because we have assumed 
that the machine is balanced - i.e. symmetrical - for each phase winding. (The same 
number of turns per coil, sarrte number of coils, same space distribution, etc.). The net 
air gap mmf will be denoted by F(6,t) since it is a function of both space and time. 

F(0,t) - F„ + + F^ ' (VI-11) 

= F cos 9 coswt F cos (e-120) cos (u)t + 120) ' 

• ' m- ^ m 

• F^ cos (et-120) cos ((Dt i 120) (VI-12) 



. ^ ■ 104. 

- F ,1 <3o» ft cos u\\ (cos e cos 12D t «ln 0 sin 120) 

' m ^ ^ ) ■ : . 

(cos wt COS 120 i slnu) t sin 120) + 

(cos e cos 120 - sin 6 sin 120)(cosu)t cos 120 + sin uit sin 120)! (Vl-l3) 

•I ■ ■ ' 

= F (cos 9 cos + (-7 cos 9 cosw t + COS e sin wf + 

m 4 4 ' 

-(2. sin e cos i J sin 0 'sin\0- + • ^ 

4 4 



(| cos e cos i ^.od^fr 'sin ^ + sin e cos w t + ^ 



i T sin e s\nu>i)y^- (VI- 14) 



+ 1 
4 

F |2 cos e cosuii^'- I sin 0 sinu) tl (VI- 15) 

m 2 2 



^ F cos (QT cot) . (VI-16) 
From (VI-16) we determine the following: , 

t 

' ' 1) F(efO is sinusoidally disfribufed in spoce and is revolving with 
an angular velocity co, - \ 



2) maximum value of F(tl>,t) is 3/2 times the maximum value of 

jpny one phase mmf. In fact. It can be shown that it Is q/2 times 
- . the maximum value of any- one phase mmf^ where q is the nurtiber 

/ of^ phases • i 



3) the direction of which F(®,t) revolves is determined by the sign 

of cat which is established by the phase seuqnce of the phase currents. 
Thus, for a motor, iC we reversed any two phase le^ds of the 
supply source, we would reverse the direction of rokition of F(eft) 
(and thus reverse the direction of rototion of (^e motor). 

4) the angular velocity, u) , Is in electrical radians per second and 

0)= 2nf where f is supply frequency. The mechanical angular 
velocity, u)^ i$ related to the electrical angular velocity by 

2 m 



ERIC . . . 
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Thus: 



CO P 

4Tt 



(VM7) 



verifying our earlier derlvaHons for this relationship. 

> 

U has also been shown previously that a neqesiary condition for the production 
of steady torque Is that the magnetic field associated with the rotor and with the stator 
be stationary with respect to each other (not necessarily with respect to a stationary 
reference frqme). Since the stator mmf (and resulting magnetic field) rotates at a velocity 
given by (VI- 17), It Is then obvious that the steody state rotor speed must also be equal 
to this vglue* (Recall that, for a synchronous machine, the rotor Is excited by direct 
current and the rotor field Is therefore stationary with respect to the rotor)^ ^ 



The 2 pole synchronous machine Is depicted In Figure VI-2^ 



da.vH|^-e.r 
hays 




c 



6 



Figure Vt-2. 2 Pole Synchronous Machine 



Figure VI-2 depicts a stator with concentrated coils, a-a', b-b', c^c* , 
forming the polyphase stator winding. It should be emphasized that this winding 1$ 
for a three phase, 2 pole machine. The rotor has a coil wound on it and supplied with 
d.c. current via slip rings. In the general case, the rotor also has "damper" or 
amortissuer windings imbedded in the pole face. These windings are shorted together 
by connecting bars at the end of the rotor and thus form a "squirrel cage" type winding. 
In some machines, the connecting bars at the end extend from pole to pole and thus 
Jcftnite windings whose axis are centered along the rotor direct and quadrature axis. 



ERIC 
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Even where no deliberate pcAe to pole connection Is made, the rotoc Iron Itself forms 
gych a circuit, allowing eddy currents to floN^ during transient or unbalanced conditions. 
In tiie steady state, since these damper windings rotate ^ at the same speed as the stater 
orwi rotor fields (and thus do not have relative motion to magnetic fields) no Induced 
voltage exists in them, no current flows In them, arKi they are completely Inactive, 
However, If a transient situation develops vvhereby the rotor and the stator field are 
rotating df dlfff^rnt velocities. Induced voltages dp appear, currents fTow and "asynchronous' 
torques exist. These torquei-aift-©nalogous to these present In the Induction motor 
which will be studied later. Indeed, If this was not possible, the synchronous^ motor 
could not be self-storting because the average torqoe, with the rotor stationary, would 
be zero. In practice, the motor starts as an induction motor, comes up to nearly 
synchronous speed, _ field excitation is applied, and the motoF pulls into step and then 
runs as ,a synchronous motor at synchronous speed . . 

Th*e electrical schematic oV the synchronous machine, including the short 
circuited damper winding is shown in Figure IV-3. As an approximation, the currents 
in tie damper winding, or in the paths formed by the iron, are assumed to flow in two 
closed circuits, pne in each axis. The effective circuits are denoted as KD and KQ 
windings. 

: Note that the stator windings ate coupled magnetically with each other and 

v^th the rotor windings. Also, since the rotor may be "salient" {ai shown in Figure VI-2), 
rather than "cylindrical" (or magnetically symmetrical) the magnetic performance Is higher 
Jn the direct axis therf in "the quadrature axis. Because of the ^difference in permeance, 
the magnetic coupling (and thus the various self and mutual inductances) varies with 
rotor position and time (because the rotor turns). 



I 



QLHif 




Figure V(-3. Rotor and Stator Circuits af 3 Phase Synchronous 
Motor, with Damper Circuits 

Note that in the generalized and D,C» machine, the F winding was stationary and 
the D wirtding^otates* The direction, with assumed current convention, is D clock- 
vvije with' respect to If D is stationary ahd F rotates^ the same convention results 
•nr rotating counter-clockwise with respect to D. 



VU2 SYNCHRONCyS i^Cm FLUX lINKAGESi The damper circulh referred to are 
shown ot KD and K^* The Held wfr^dtngy or excttaHon source, Is deiignoted ai F. The 
current directions are taleen to be for a motor « At any instant of time we can write 
expressions for the flux linkages^ For fxomple, the flux linkages, X^, in phase, "a", 
ore: ^ ' ' 

\ a 'I Jo '- X,b'b lac'c "Lf'f '~U<i 'kd ' lake S ' 

where! is the self Inductance of phase "a'\ 

/ 

X^b'^c'TLgf'^Uikd 'Xjkg ^""^ mutudl inductances of the vatipui other windings 
with respect to phase '*a*' winamg. 

As the rotor^ changes position,^ the permeance of the magnetic circuit changes. 
Thus the various Inductance values are functions of time. However, the variations are 
periodic and can be representee^ by Fourier Series expansion. Becqgse of the distributed 
nature of the windings and the design objectives, it has been determined (from many tests) 
that we need only consider the Fundamental term of the Fourier series in order to%dquately 
represent the angular variation of inductance* Thus, since the mutual Inductance between 
a phase and the rotor circuits Is a maximum when a rotor winding is aligi^ed with the aXls 
of a phase, we can write: 




X„f = L^fCose ^ (VI- 19) 



The reason for the minus sign should be obvious when one examines the con* 
figuration shown in Figure VI-3. Similar eouations can be written for phases "b" and 
••c" with e replaced by (0-120^) and (0-240^) respectively • 



The stotor self inductance, ^ , of phase "a" has a variation with angle 



0 as shown in Figure 



\ 
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Thus, 



T ~L +L^cos2g 



<VI-22) 



■The mufual Inductance between "a" and "b" phases Is a maximum wheh 
e=+30P or 210°, and between "a" and "c" phases when 6 ^ -30° or. 150° and It has 
a double angle variation. We can, therefore, write: 



X L = L . + L . ^ cos (20 - 60) 
<^ab abo ab2 

T = L + L « cos (2e + 60)* 
<>-ac aco acZ 



(VI-23) 



(VI-24) 



coefficients L . and I. as well as L . ^ and L ^ are respectively 
abp aco , aoz QCf, , . ■ 

It of symmetry of the stator. Further, *-aq2' ^ab2' ■ ac^ 

vnlch 



. The 

equal as a result ot symmetry or the sTOTor. rurrner, ^aa2' ^ab2' ""'^ ""ac^ '"^ 
equal because it is variation in the air gap permeance which causes the variation and 
the variation is the same in each case. W© csan now write the flux linkages for ^hree 
phase windings, using the angular \A3riations, as follows: 



X = i !L + L ^ cos 2ol -Ji, (I. + l^) - L olu cos (26 + 60) + 
o a aao aa2 \ abo b c oaz o 

- L ^i cos (26 - 60) + L fif cos 6 + L , .1. . cos 6 + 
aa2 c ' af f akd kd 



- L , i, sin e 

• akq kq 



(VI-25) 
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llmilarly: 



loriy: 
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K " 'kIL + L o.«=« (2e 120)1 - L . (I ^ - 9!^ coi (20 ^ 
*> o qao , aa2* abo q ^ aa/ c >^ 



- ^aai^o (2 9+ 60) +* (^^^1, + L^^jl^^) co. (e - KO) + 



- L . i. sin (e - 120) ■ ' (VI-26) 
akqKq 



and: 



- '-aa2'b <2 «^ " ("-af'f ^ "-akd'kd* " " * 

r 

- L i, sin (e -240) (VI-27) 

akq kq ^ 



The equations for flux linkates linking the field (F) winding and the damper 
windings (KD.and KQ) are: ^ 

^ f " '-f'f ^ '-fkd'kd ^ '-af' a ^ 'b ^ ^ ^^^^ ^ '''^ ^® -'2^0)1 (V'-28) 

^ . ^ = +»-^ i ' + L, .i, ■+ L , .!! cos e + I. cos (0 - 120) i^ cos (e - 240)1 (VI-29) 
kd fkd f kd kd akd a b c 

I 

A = L i. - L , li sin e + i. sfn (e - 120) + i^ sin (6 240)1 , ^ (VI-30) 
kq kqkq akq a b c ^ ^ 

i 

Sjfl.G ' THE a-b~c to d->q-o TRANSFORMATION : Recall that, in a previous section, we 
discussed the possibility (by suitable transformation) 6f an analysis of all types of machines 
on a "generalized" basis. The generalized machine has all colls, windings, mmfs, •l^fc. 
acting along either the direct or quadrature axfs of the rotor. ^ , ^|^, are oriented 
along the axis of the phase windings and, since they are stationary and the rotor rotates 
they cannot, individually, be considered as acting along either the q or d axis of the fxjtor, 
However, in Section (VI. 1) it was shown that the mmfs of the indlvidal phases combine 
to form a resultant mmf. This mmf is responsible for a resultant air gap flux density 
onJ flux, and of course flux linkages). This mmf is revolvlrg at synchronous speed, as. 

tlie rotor, and we should be able to us€^ t^his information to determine a transformation 
fut will relate ^ |^, and ^ ^ to compo/iAnts of the net revolving flux linkage that 



no , 



or* along the d and q oxU. Sine* mmf reiulH from cunr«nt flow, and currents 
ar« aitoclated with voltage, th* tamm trontfprmOrton ihould alio h% valid for current \- 
Olid voltag«. In fact, wo will doicrtbo tho trantformod mmfi, ond F^^ In forms 
of tho Inttantanoout photo curronN* 

R^fer to Figure Vh5, Thh illuOrolVt how rtia "a" phaw mmf ha$ 
compon^ntt olong the ^axlt^ 9 d&grmm ahead of th# ^'o" photo oxU and olong tha"^ 
q Qxh, (e^+ 909)ah€Kid^ rtf-1ffa ^o'V p^^ oxlt, ' % 
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Figure VI -5. 




mf AcMng Along the d and q axis 



The relationship for the three phases is shown in Figure Vl-6t 





Figure VI -6. Phase d,q Relationships 



Refer to Figure VI-5 and VI-6: 



F = Nil cos e 1 cos (e - 120) ^ i cos ( e ^ 120)1 k .i . {VI-31) 
fi a u c d d 



w 



here 



F - Nhl sin e ^ I sin (e - 120) i sin ( o+ 120)1 = k i (VI-32) 
q 0 b c q q . 



Fj,F^ are the components of the net air gap mmf acting 
al 



"rl/' compbi 
jfong^ the d^rj, axis. 



N is the effective number of turns of each phase winding, 



J(Cj/^l<g <»w th« •fF«ctlv« nui;nb*r of turm on flctltloui 
windlhgi, D, Q, located on th» d^Cj, axU 



I 



ar^ curr«nt$ fhaf muff flow In winding! Q, 
Mult In fne $om# nm 

by actual currents 'a'^b'^c 



and result In some net'alr gop'^mmf as fstobtlthed 



Note tbat 3 ydrlabljjis are present In the phoi^ quohtlties, (Iq/II)' 
and we must have ^ variables In the transformed quontttJes In order to perform on Inverse 
transformatlont /.-Now the two currents^ Ij and 1^, as defined produce the Correct 
mqgnettc field/ Therefore, theAthtrd Va^floble - we will deMB it as I - must be 
defined In such a way to produce no space fundamental n|^in th# efr gap. If no 
neutral, or 4th wife current, exists this requirement can be met If We defln^ It as: 



Sb 1 (J 
; 3 ^ a 



+ 'b ' 'c) 



(VI-33) 



' The factor^ 1/3 Is completely arbitrary but Is used because this Is the way 
in which "zero sequeHt:<5^ curren^ Is defined In the method of Symmetrical Components - 
used In the analysis of unbalanced 3 phase power systems* Since 1^ prpduces no flux 
linking the rotor. It must be associated with the sttator leakage Inductances* For 
reasons which will be apparent later, the ratios N/Vj and K/1< are taken as 2/3. 
Then, we can write (V 1-3 1-32, and r33) as: ^ 
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cos (e-120) 


cos (e<120) 
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- sin e 


- sln( e-120) 
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(VI-34) 



From the inverse of (VI-34), we have: 



•a 




'b 




• 
1 

c 







COS e 



- sin 



1 



cos (e-120) - sin (e-120) 1 
cos (e+120) - sin (Of 120) 1 





'd 




I 




q 




•o 







,(VI-35) 



Since this transformation is valid for transforming stotiorKiry phase quantities 
nn titles along the d,q, rotor axis - which are stationary with respect to the rotor 
Is, the transformation should ellmincr^ the time variation of the Inductances and Is 
•al'y valid for either flux linkages, voltages or currents, as argued ^previously. 



I2« 



Uting >he tranif»rmOHon deHnod abovd, w* dbtaln^ from (VI-25, -16, -27) 



X =» (L 



aoo abo o 



a ^ aoo abo 2 aa2 " at t aka ka 



(VI-37) 



^ q ^ <aao abo 2 aa2' q akq Kq 



(VI-38) 



We can doflpi^y new, ftctIHou$ , armature Inductances \3$: 



L - L - 2L„. 
o aao 



d aao abo 2 aa2 

L'=L +L --L 
<T aao abo 2 aa2 



(VI-39) 
(VIt40) 
(VI-41) 



^d'^q'^o definfed inductances that rolate to measurable Inductances that actually 
exist. However, ef/en though they are only defined, it |iappens that these defined 
Inductances are quantities whose value can be obtained relot{v«ly~«asU/ icofn.^tMt . — 
data. We can also use the current transformations in (VI-35), to obtdln rotor flux 
linfcages: 



f' kd' kq 



In /terms of: 



'd' 'q' 'f 



Thus, from (VI-28,-29,and -30): 



'f-Mf^ Wkd^^l-af', 



(VM2) 



kd - ^fkd'f t ""kj^kd ^ 2 "-akd 'd 



(Vr-43) 



S = L, I. + I L , i 
kq kq kq 2 akq q 



(VM4) 
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' - .4. 



AI$o> subttUuHng (VI -39,* -40,-41) In VI -36, -37,-38) yl«ia»: 



\ = L I + L , ii' 
"-q'q *-akq kq 



(VMS) 
(VM6) 
(VI-47) 



Now, fhe voltage equations for the actual stotor and rotor circuits are: 



dX, 



V. = 



b - dT ' ^ 'b 

dx 

c 

V^ = — + r i 
c dt c 

dx. - 
dx, 

0 = -Jia + r, 



dt 



'kq'kq 



(VM8) 
(VI-49) 
(VI-50) 
(VI-51) 
(VI-52) 
(VI-53) 



where r Is the stator winding resistance, rj^^ and r^^ are equivalent kd and kq circuit 
resistances. 

If we define Vj, V^, and V^ with the same transformation used for current 
and flux linkages and transform the phase voltages and currents In (VMS, -49, -50) to 



d-q-o quantities we have; 



^^d dn 

Vd=-dr ->q3f ^^'d 

dx . 
q dt d dt q 

' '■ > dx 

V -= — + r • 
. Q. dt o 
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(VI-54) 
(VI-55) 
(VI-56) 
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do 

We recognize that = 4^ speed. AI$o, If we assume that a common mutual 
'flux links all windings on one axis and that this common mutual flux differs from the ^ 
totol flux linking an/ one winding by the amount of leakage flux awoclated with that 
parHcular winding we can make additional simplifications in the equatluons we have derived. 

, The equations as derived so far are in terms of«»mperes, volts, henries, etc., 

\i.e., they are actual quantities. It is appropriate (prior to introduclr^g the common 
VnutudI fluxes ^and the leakage fluxes) to convert to a per unit system in such q fashion 
^s to make the flux linkage equations have reciprocal mutual Inductances - that is to say 
tf^e per uni^ value of the mutual inductance along a given axis is the, same regardless 
of, which winding we are considering it from. 

VI .y THREE PHASE MACHINE PER UNIT QUANTITIES : The basic considerations involving 
the use of the per unit system were developed in Section III. 2 The development jn that 
sectipn dealt with a single, phase machine, or a DC machine. .v The section will extend 
the per unit usage to coyer three phase machines. Two very Important concepts developed 
in Section III. 2 which also apply here as: 

1. in coupled coils, or windings, the SOme voltampere base should 
be chosen in each coil (to make the mutual indttetojice the same 
when viewed from either coil) 



2. base value of electrical angular velocity should be chosen as equal 
to 1 1.0 if Ihe time relationships are to be preserved in the analysis. 

For the three phase npchine, base voltage and base current in the armature 
(powcjir winding) are best taken as the maximum of the instantaneous phase values 
corresponding to machine voltampere rating. Thus; if 



V^j^ = base voltage which is also the maximum ©r cresf vcrbe^c^^"-^" 

phase voltage 

I I - base current which is also the maximum, or crest value of the 
mb 

phase current 

c 

^mb 'mb 

3( )(~*T) ~ 3 phase, machine voltampere rating (VI-57) 



/2 



= 3 phase voltampere- base 

= I V„b'mb = VAb,„ 3 phase .• (VI-58) 
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To how thl^ofreiponcb to the equations developed for the tynchronoui 
machine, note t^e Flux llnkogos Ih the rtold winding due. to current In the D winding aod 
flux linkages In the D wjpaing due to current In the field winding. 

* . For the former;* from (VI-42): 

A t due to I . = I L ,r (VI-59) 
. « d 2 of d 

For the latter, from (Vl-47)t ' 

A J due to = L^fl^ ^(Vl~60) 

i 

If these two quontltles are to be equal, in per unit; < 
o Laf id •^af 'f 



f base f base d base d base 
If '"base ~ can be written as 

Q '-of 'd if base ^af 'f 'd base 



^ ^^f base 'f base^ 'f base ^^d base'd base^ 'd base 



The flux linkages are equal when; 

»d V 



'd base 



(VI-61) 



(VI-62) 



3 ^/d base ^ ^'fbase ^ / ' « 

5 V • i ~ V i (VI-6J) 

f base f d base d base 

" I ^d'base'd base = ^f base^f B»se ^ VA^^,e ' "'^-^ ^ 



(VI-65) 



(VI-65) equates the per unit current in the two windings. Thus, the conclusion 1$ that 
if the volt ampere base^'n the field and tbe armat ur e are equal - and are in turn the 
three phas volt-ampere rating of the machine, then we hove equal per unit flux 
lirlfflges in the two circuits (due to mutual coupling) wt>en the pVr unit currents in the 
armature and field are equal. Thus the mutual inductance^ are equal and reciprocal. 
The same argument can be extended to the mutual inductances between the damper 
circuits and the armature circuits, i.e., the volt ampere base in the damper circuits 
must be the same as the 3 phase volt ampere rating of the machine. 
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VI..5 SUMMARY OF SYNCHRONOUS MACHINE EQUATIONS; Th« lynchronoos 
mdchino thr«e pho^o ttotor winding Is transformed Into D, Q, typtt windings by the 
d-q-o trontfprmotlon (VI-34). The synchronous machine conflgxiratlon Is similar to 
thqt oC the Gen<irpMwd^ Machine except: 

^ 1. The D and O windings are on the stator. 

2. The "G" winding on the Generalized Machine Is denoted 
as the KQ winding. Is closed on Itself and Is on the rotor. 

3. The F winding h on the rotor* ^ 

« I 

; 

4. Another winding^ denoted as the KD vyinding {$ coaxial with the 

F winding and is also on the rotor. It is closed on itself electrically. 

5. A "zero'* component winding exists mathematically in order to 

^ permit dqo to a-b-c (phase quantity) transformation. It* does not 
contribute flux linkages to the rotor winding and Is thus 
associated with stator leakage reactance. ^ 

Corresponding to (111-47 through -50) we .can express the self, mutiwl and 
leakage Inductances for the F, D, Q, KD, KQ windings and for the zero component 
winding. Similarly we can then write the expressions for flux llnkciges oi developed 
In (VI-42 thuough VI-47). These correspond to (111-51, -52,-54,-55) for the Generollzed 
Machine. Finally, from (Vl-51 through -56) we have the voltage equations for various 
windings. These are similar to (111-99 through -102) ^or the Generalized Machine* The 
two equations describing the electromechanlcol dynamics are, of course, the same for 
both machines since "^power Is converted from mechanical to electrical form, or vice 
verso, in the armature circuit only (the D,Q^ windings)* 

The equations for the synchronous machine ai^ repeated Immediately below* 
Comparison of these with the corresponding equations for the Generalized Machine 
Indicates theft they could have been written by analogy. 

■ \ ■ 



Lj|r = mutual Inductance, d axis windings 
L = mOtual Inductance, q axis windings 
- zero component Inductance 
L|r = self Inductance of F winding 

= mutual inductance of _ winding^ etTc, 

4 = Ljf + ^f ^ (VI-66) 

l-d * l-df- + ^ _ (VI-67) 

^33 
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Ad = "-jflf + Lkjl^d + Lj^d 



q q q qg kq 



^ = L t + L i 
Icq qg q Icq Icq 



L I 

Aq , o o 

d X. 



d)i, 



q q q 



A - I J. '^^ 

^ - ^d'kd ~ir 



^ "^Icq'kq ^ dt 
dA 

V = r I + 

o o o 



(VI-68) 
j:VI-69) 

(VI -70)'' 

(VI-71) 
■ (VI-7?) 
(VI-73> 

(VI-74) 

(VI-75) 

(VI-76) 

(VI-77) 

> 

*• 

(VI-78) 
(VI -79) 
(VI-80) 
(VI-81) 
(VI-82) 
(VI-83) 
. (VI-84) 
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Obs^rvaHont which can be mad^at this Hme with respect to th«$e 
equoHons ar*: 

1* under balanced conditions/ no rero currenjj^ and 
^ voltages exist* 

2. Under steady state conditions^ (rcjtor with same angular 
velocity as the stator magnetic field) \^^, li are zero, 
since only transformer voltoges are present In these windings. 

From a historical basis, (In honor of R* H* Pork) fhe ecjuatlons In 
d-q-o form are usualjy referred to as "Parks" equation* The anfiHysis using 
these equations is also sometimes referred to as the 'Two Reaction Method" • 

VI. 6 EQUATION REARRANGEMENt FOR BLOCK DIAGRAM REPRESENTATION; From 
equations (VI-71 through VI-84) we note that we have 14 simultaneous equations which 
are non-linear If speed trarles - which it may do In the dynamic or transient state* It 
should be emphasizec} that fhe average speed must be 'synchronous, the same as the 

speed of the stator field, if the motor is to ren[Kiin in the synchronous motof mode. 
However, there can be oscillations about this speed. Some rearrangement of the 
equations is desirable in order to more easily represent the system of equations in block 
diagram form or for simulation in- computation. In general, we are not concerned with 
knowing the dctual value oT the flux linkages* Therefore we will do some combining 
and rearranging to eliminate these from our block diagram. For a block diagram, v/b 
require transfer functions* The first such transfer function we will obtain is the 
easiest, i*e., for zero sequence quantities* From (VI-76 and -82) fhe equations 
Involving zero sequence quantities are: ^ 

V = i^ (VJ-82) 

o dt o 

X „ = L i (VI-76) 
o o o 



or: 



. • ^ •o 

/ V = L —r- + r i (VI-85) 

o o dt o ^ ^ 

Rf^call that the use of block diagram based on transfer function is valid only for zero 
initial conditions* Suppose we consider only incremental changes in the variable* 
Since they are changes that take place only after t = 0, the initial conditions for^ 
inrremental changes must be zero and thus we can represent incremental changes by 
block diagrams representing transfer functions. This can be demonstrated by considering 
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(VI-85) and dsnoHng Incremental valuet pf the variable by | A preceding the vorloble. 
The value off the variable at t-0 (the steady ttate value preceding the change) It 
denoted by the variable followed by (0). Thui: 



<VoJO) + \) " W ('o<^> Alo) + r 1^(0) + r aI, 



and: 



. ^v^(o) -r yo) 

Subtracting (VI-87) from (VI-86) yields: 



(VI-86) 



(VI-87) 



o o dt .<V o 



from which: 



/ 



o o 



r<i + r 



(VI-88) 



(VI-89) 



After taking the Laplace transform. We can represent this In block diagram form as: 









^v9C) — *^ 


• I 


— — tW^) 









Figure VI-7. Zero Sequence Block Diagram 

That this yields correct results can be seen from taking a step Input 

aV, 



O V 



Now 



AV . 



A V_ 

$ ^ 00 O 



lim i^(t) = lim s i^(s) = lim f , i J + i^(0) = 1^(0), 



(Vl*90) 



(VI-90 



(VI-92) 



(VI-93) 



ond 



but ttnc« 



llm I^(t) « Ifm • « 7^ + 1^(0) (VI-94) 



V(0) • * - 

,^(0)«-f_ ^ (vi-95) 

VJO) + AV V. ' 

llm 1^(0 - -^--j =7" (VI-96) 



which would be the new steady state value, of 1^* ' , , . , ^ . » ^ ^ 

At thl$ point. It would be well to examine (VI-71 through -76) and determine 
the Initial value of the various flux linkages at t jO, I.e., Aq(0), \^{0), Xq(0),X f(0), 
^kd^^^ W^^* ^ consider that the machine, operating as a motor. Is In 
a steady state situation, at rated speed. Thus, all terms Involving the time derivative, 
such as dX/dt, are zero. Also, Ikq/^kd ^"^ because there Is no driving voltage 
for these currents other than Induced transformer type voltages. Denoting t=0 values as 
(0), sOfch as lf(0), A'q(O) etc. we have (v/jth the above conditions), 

I • ' \ . "f* 

'^JO) =L, i.(0) (Vh97) 



from which; 



or: 



Vo(0) = r iJO) (Vh98)^ 

^ L^V^CO) 
. • . X (0) = 1^(0) or A ^ - — (VI-99) 



' X^(0) = if(0) + Ljij(O) • (VI-100) 

'Vq(O) =wX ^(0) + r iq(0) ^ (VI-lOl) 

^ '^ d<0) = VJO) - r I (0) (VI -102) 

X^O) == L'q/!q(0) (VI-103) 

Vj(0) - -a,Aj(0) + r lj(0) » (VI-104) 
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(VI-106) 



(VI-107) 



Vf<0) - T^l^O) 



(vi-ioe) 



(VI-109) 



These fquoHom g\w appropriate exprewlont for InlHol conditions. -~ 

Next, consider that we want ot o function of 1^. From (VI -74, -75, -81) 
the appropriate equations are: 



Wc{ ^^qg^kq " 



qg q M Kq kq 

r. Il + ~ir^ " 0 

kq Kq dt 



(VI-110) 
(VI-111) 
(VI-112) 



Taking the Laplace transform and rearranging to Indicate I (s) as the 
/ dependent variable yields: (Considering all variables are Incremental values of the 
variable but not bothering to denote by a) 



-'i^*) ^ Lqg^kq<») - ^a^a<*) 



q q^ 



(VI- 113) 



rfrom which: 
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Lkq'kq(») - 'kq(») = Sg^q(») 



qg q 

0 



qg 

'"kq 



0 
-1 

+s 



-1 



■qg 




^kq 
^q 



1 38 



0 

-1 



(vi-n4) 

(VI-115) 



(VI- 116) 



now: 



2 1 



r. L 

Kq q 



t (t) 
q 



(VI-117) 



Since: 



2 L + )t - 



'kq 

^ 



-J \ a 



(VI-118^ 



(vi-n?) 



(VI- 120) 



Ll = L + 111 

Kq qg kq 



q ^q ^q9 

We can define the following Hme constants: 

ka — ^ 



T" = 

q 



^kq 



(VI-121) 
(VI-122). 



(VI- 123) 




where 



Lkq 
' '"kq 



T" 
qo 



quadrafure axis subtransient open cirqyit 
time constant 



T" = quadrature axis subtranslent short circuit 
time constant 
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T" Is the time constant one would see If the damper winding was opened 
and no couplflig existed betw^een the Icq domper winding and hny other winding* P 
Is the time constant associated with the damper winding If It Is opened but coupled 
to the q winding, considered with zero resistance qnd short circuited. This can be 
seen If we write equations for our fictitious, opened kq winding with 0 and short 

circuited f 



(VI- 124) 



from which 



0 = L s I. (s) + L $ I (s) 



(VI-125); 



I 1 



(VI -126) 



If fc, and I from Vl-12l',-t22 are used in (VI-123) for T" we have 
kq q q 



*-q^kq ^qg 
T<q Lq 



(VM27) 



and it can be seen that the time constant associated with (VI- 126) is the same as T^. 

Hence the designation 'short circuit' as opposed to open circuit for T^^. 
The reason for coaling It 'sub-transient' will be discussed In conhectlon with .the 
derivation of the d axl5 quantities. Now, returning to (VI- 117) we can write this as: 



(1 + T" s) 



^q^*^ ""q (1 T" s) 'q 

qo ' 



(VI-128) 



The block diagram for this equatlor\ (recalling" that i (s) and A (s) are . 



really A i (s) and A^q(s)) Is shown In Figure VI-8. 

q " 
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U4 , 



Figure \1-8, Quadrature Axis ftlock Diagram 



( We will now go through the sqTne procedure for the d axis flux linkages, 

again using equations Involving lncreme|itcn changes until we qet to the block diagram 
at which time we will denote Initial vdlues, total values and Incremental values of the 
variables. 

The equations relating events in the three wincHr>g$ on the" direct axis 
are, from the equations for the synchronous machine^ 



Ldf^d ^ Lfif + Ldfij^d = >F 
•-df'd ^df'f ' ^-kd^kd " \d 



(VM129) 
(VI-130) 
(VI-131) 



dx- 

V = — + rJ. 
f dt f f 



From (VI-132) we can transform and solve for ^s). Thus 

^V^s) + r. L(s) 

Transform (VI-130) and substitute Into (VI-^34) yielding: 



(VI-132) 
(VI-133) 



(VI-134) 



s L^fij(s) ^ (r^ + s Lf)l^(s) + s =-Vf(s) 



(VI-135) 



/ ^25 

Traniform (VI-133), k)Iv« for lobtHfut* In fh# trontformtd (VI-131) 



yUldlngt 

• i-df ^ • "-df M*) *'\d * • i-kd) 'i<d(') - 0 

(VI-129) (f the remOlnlng equafion In th# gtT>up« Trantformlng It, we have: 

Ld ld(») ^ Ldf M«) + Ldf IkdU) - M») 



(VI-136) 



(VI- 137) 



Although wc wanf ^j(5).a$ the output of our block diagram with Ij(»), Vc(t) 
at lnput«, It It lest complicated to solve for ld($) at a functlor) of ^ji*)/ Vf(t) ar>d tnen 
rearrange to obtain as desired. Thus, from (VI-135, -136,-13/) we h^ve: 



Solving first for A : 



Vf(s) 

T 


(rf + L,«) 


Ldf« 


0 


dr 


(fi . + Li j 

^'kd kd 




Ldf 


Ldf 






^df * 


' "-df 


^df^ 


^--kd ^ ^d') 




l-df 


'^df • 


= (r^d)!' ' 




^f^kd^df^ 
^^kd 


- ("kdl-df)!' 


'-kd - ^df , 

+ s] 

•^kd 





D 



recall that: 



••-kd = "-df kd 



(VI-138) 



(VI -139) 



(VI-140) 
(VI-141) 



M2 



126 



and not* tHah 



St 



from which: 



also: 



Tf r. 



f 'kd ^ 'kd 



^kd ■ ^df ^df ' ^ kd " ^df ^kd 



and: 



•"kd n<d ""led 



W - ^df _ ^df ^ '^f " '-df 1 ^ 



deftntng: 



-^ " 'kd 

^df^f 



3 
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(VI-144) 
(VI-145) 



= -1 L (VI-146) 



T = 7^ (VI-147) 



kd Ljf + 

= ^ (VI- 148) 

Ted 



/ u 

Ufing th« d«ftn«d quanHHM (y1-146 throuoh VI-150) w/oan •xprMS (VI-139) at: 



ri w# •?«imln(<I;th« titnf c.pr>|t<lD!» c4ifln«rf qbov# V*r« fH>l<i ^.T( '» Tj 
and T. b«oaui« X>( It aitoclat«d with th« fUld winding oontlttlng of many tumi 

In ordf td provid* th«/n«ceiiary amp«r« h;mt of •xcltaflon and fhm main air gap flux 
wh«r«at ond art' aisoclat»d with f\y dampwr winding which It a oag« of 
relatlvdly few tumt. /W« will Introduce the approximation that; 
. - i / 

/ "^1 ^ ^3^ ll ^ ^2 (VI-152) 



/ 

from which: / 



2^ . , . X .X (VI-153) 



/I + (Ti + Tj)* + TJ3 t'^.Z (1 + T,tKl + Tgt) 

/ 

We will dignify T^, T3 by a ^rmal name end a ttandard tubtcrlph Thut: 

/ 

T, * T'. •= the direct axit trantlent open circuit time conttant 

' 1 do 

/- To " T" ■ the direct axIt tubtrantlent open circuit time conttant 

/ 4 3 do 

Tj^j =* the direct axIt damper leakage time conttant 

Note that TV , the "tubtrantlent" open circuit time conttant Invotvet the 
daiTf>ei;r winder, kd, oncMs thut much tmaller than TV the "trantlent" open circuit 
time cbnttant which It the field circuit contldered above and It relatively long. 
Hen^i^ the name tubtrantlent - to deilgnote the first (and thortett lived) trantlent 
phenomena . 

We can now write (VI-151) at: 

t 

I<,(.)D - 'fU6 (y^i •)<' ^ T;;^ .) ^,(.) - r^jLj^l vTkd.)V^.) (VI-154) 
Now, the denominator,^^ of (VI-138) It expanded, yielding: 

D = L,(r^ L,)(r^^ . . L^^ * A], - . L^^ (r, + . + 

- '"^df "-d - • ^df <'kd ' ' \J <V'-'«) 

erJc ' ' . H4 
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df df 

^ - »-d'Vkdi ^ ^d'W^df ^ ^ f> ^ '•f^'-df ' ^ kd> ^7 ■■ n<d » ^ 



= L r 



1 + 



(L 



df 



2 

Ldf 



s + 



••f'kd 



3 .,2 

r 



'kd 

2 . .2 



1 ^dt-f ^kd ' 2 L^^ - i-df 4^ "-df "-d " '■df ^kd^ ^2 



Now^ 



•-df - L 



df C-df ' "fWi-df ^'d^-i-df 



(VI -156) 



(VI-157) 



<'-df ^ ^d^f' ^d'-df . 'd "-df 



•-ar^ ^d 



Similarly 



The coafficlenf of s can be simplified as follows: 
f kd 



df 



^ ^df'^d 



^d "-df 



(VI-158) 



(VI -159) 



1 



3 .2 



- ^df <Ldf ^ \d>l 

1 



l^df< Wd ^ *d^ ' ^'kd' ^ ^d Vkd" 



(VI-160) 



In orcbr to ci«t«rmtn« o product whtoh yttldt tMt * and to mak« on« of ft>« Hrm of 
fhU product tt>« tam* at on* t«rm of tt>« sum wHtct> form ttt* coefficient of %, divide 
ttie brocketjd portion of (VI-160) by (VI -159) noting thoti 




'd^df *dW_d^V^df 
" T 



d^ 



we can express ttie result of the division operation In (VI- 162) as: 

^_J:dfVf_|;d 

cfkd Vf^<*d^*f>^df 



The coefficient of s^ In (VI-155) is then: 



f(t,, + ^df'd^ + p^^l (VI-164) 

^f^d <Vd^ *f*d'^df*f> 



Using (VI- 158, -159, -164) we can define the following time constants: 



^d'-df 



(V1-161) 



I <*cff^kd^»-df<S^d^Vf ^ *dW 
^dfVf 



(VI- 163) 



T4 = (VI-165) 

•^^ ^df^^d 

T. = ;: (VI-166) 

' ^ . "kd 
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r - ». . + ^ \ i (VI-167) 



With fhf Hm« oonthantt, (VI-157) b«com«t 

t 

/ 

Again uilng the argument that time conttantt OMoclated with the field are 
much larger than thote associated with the damper circuits we can assume: 

T4 » T5 and (T4 + T^) k + T5) (VI-169) 

we con express (VI- 168) as tjae approximation: 

^ ^ ^^'fkd <^ ^ ^ (VI-170) 

We will denote the time constants T4 and as: 

= = direct axis short circuit transient time constant 

f 4 d 

== = direct axis short circuit subtransient Hme constant 
and we can then express (VI -168) as: 

^ ^ "-dYkd ^ ^d«)^^ ^d'^1 (VI-171) 
From (VI-165,-166,-167,-154) we have: » 

. T;;,)y.) = r^i^,(i + t;^.Mi + T3„.)x,(.) t 

. -k/df (I - V) V^,) (V.-172) 
Solving (VI-172) for Xj,s) yields: . • 

+ T\s)(l +T;;s) Ljf (1 +Tkds) 

tAj(s), lj(s) and Vf($)) In (VI-173) are Incremental values as discussed previously. In 
block diagram form: 
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*<8 























1 , . — -m— 1 












Figure VI-9. Direct Ail$ Block Diagram 



We are now In a poslMon \o summarize the equations we hove developed 
and to present additional defined reactances. The fundamental, quantities are: 

r = jsrmoture resistanca r 

rf = field restsfanoB 

^kd ^ ^"^^^^^ damper effective resishance 
Hcq qtKjdrature axis damper effecHve reiist^nce 
'"df ^ ^JJ''^^^^ QxJ* mutual Inductance 
'"qg " quadrature^ a"x.l$ mutual inductance 



^q ^a 



armature leakage (d winding, q winding) Inductance 



= field leakage (F winding) Inductance 
\q ^ quadrature axis damper (KG> winding leakage Inductance 
= direct axis damper (KD) winding tedkage Inductance 

Lq '^qg ^ ^a quadrature axis synchronous reactance 
Ljf ^ direct axis s/nchronoys^|^ctance 
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W* can also cl«fin« oddttlotKil lnductano«t fbllbwt: 

>-df»f 

■ ' i-df^fVd , 
L" * * , . . , — I "* direct axis subtronslent reactance 

qo kq , 
L" = I + : "f « quadrature axis subtranslent reactance 

qg kq 

i \ ' ■ • 

/ • ■■ > . . ' 

/The following time tonstants w^re- defined:. j 

; ji s- = jjrect axis transient open circuit time constant 

/ '^f . 

^ ^^^^ 

T', = direct axis transient short circuit time constant 

V\ = — <t I . + , . ) = direct axis subtranslent open circuit time constant 

^kd '^^ L^f ^ 'f - / 

T", = (A, , + , 7 ) ■ direct axis subtranslent short circuit 

d r, . kd| L I + L .Ji. + I ' ^, . . 

kd J df a drf fa time constant 

1 ' ■ ' - ' 

T" = (L + ) = quadrature axis subtranslent open circuit time constant 

qo r. ' qg |<q ^ ^ 

1 fi /*^g a ' , ■ . ' 

T" = ( , + "7 1 : ) ~ quadrature axis sub^rdnsient short circuit time constant 

q r, , kq L + t ' ^ . 

kq ^ qg a 

kd . . . . ■ 

^kd ~ r — ~ direct axis damper leakage time constant 

kd 

Other relationships relating Lj,Lq and various time constants to L^, Lj, 
L" can be obtained by noting that: 

q , , - 



7^9 
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r. ^ f dP 



Ldf ^ % " ^df ^ V 



f; T 



L'=L,^ . (VM77) 

'do 



Similarly 



Tl TM 

f^d 'd 

f T" 
do do 



•-3 = "-d f-T^ <^'-'^ 



T" 

L;; = Lq^ (VI-179) 
qo 

These last relaHonships are helpful when the machine constonts are determined 
by test* They are also useful in analog simulation ond in estimating short circuit levels 
for synchronous generator. 

The equations, as developed are now: 

J 

dXj 

dx 

dx^ 

= — . r ' (Vhl82) 

Xq(s) - X,(5) iq(s) (VI-184) 
^j(s) = X2($) Id($) X3($) ej;($) ' (VI-185) 
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. qp 



(1 + t;,sK1 + t;;s) 
^2<») = (i.t;^s)(i-t3^) 



(VI -187) 



♦I - 



^df 0 + T. s) 



and V > 



do do 
du 



In order fo evaluate recall thot the jnstantoneous power converted to me^chanlcal 
form is given by 

• ■ ■ .• ' 

p = V i + V. i. + V i (VI-191) 
^ o a b b ^ c c 

t 

We con eliminate the 'pUase quantities by the use of the transformation given 
In (VI-34). When this is done, tlie Instantaneous power becomes 

^or, using the relationships for d^q, voltages 

3 **^d o ^^a 2 ^^o ? 

P = 2"d IT. - "^'d - ' - ^ 'q .l^ ^ "^d'q ^ ^ 'q ^ ^ i„ ^ + 2 i/rl . (V.-193) 

» d A * 2« 
Recall that terms such as i nnp represent q change, ^stored energy and that the i r terms 

are ohmic loss. The remaining terras represent power conversion from electrical to 

mechanical foi^rp. Therefore, shaft power, p^, is. given by: 




pnd ' Ps 3" r 

. T^=-^|<^d!q-\'d^ (VM95) 

I- (VI-196) 
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We now hove the describing equations for the syi|chronoi>s motor. The 
equations for the geritrotor, or altemator^x<^re obtolned by flanging the sign of ^ . 
the current. The equations ore based on a transformation of Varlobles from phase , 
quantities to d^q-o quantities* This change In variable ^s enabled 'us to replace 
time varying Inductances by constant value lf»ductanc<^s (negledting saturation effects) 
and our oblHty to simulate the machine by computer for dynamic studies Is enhanced* 

To use the equations, 6he must study the problem to be solved, adapt 
the equotlons to the specific problem, Introduce the Initial condftloni and. restraints 
and proceed either by computer or by/tjie appllca'tlon of operajjonsol mathematical 
technique's* In the subsequent sections we will examlne^the behaylor of the. synchronous 
machine under voflous conditions In .order to Illustrate problem solving {procedures* 

VI .7 THE SYNCHRONOUS MACHINE UNDER STEADY STATE CONDITIONS: By^ 
means of the transformation used to convjert phase quantities to d-q-o quantities we 
were able to define^ fictitious Inductances L^fLj, and ,1^ (VI-39,^ -40, and -41) to 
replace the actual Inductances In the machine, which are functions of angular posltloV) 
of the rotor and thus (since the rotor revolves) also functions of time. ^ We will now 
apply the equdtions we have derived to the machine operating In the steady state: 
.■ . » ■ 

For the general case; 

0 + a ^ (VI-197) 

where: ^ 

^ = angle between the rotor axis (direct axis) and 
> the axis of phase "'a" 

ct = rotor position at t = 0. - 

Since ^ is completely arbltraryljliwe will assume a = 0 for this analysis. 
This will not result in any Ipss of generafity. With this assumption 

4 ' 

- • » 

• e =a>t (VI-198) 
The phase currents in the stdfor windings of a 3 phase machine can be 

Iq = »^ I cos (a>t + B) (VI-199) 
=/2 I cos + 6 - 120) . (VI-200) 
■ 1^ = /5 I cos + 6 - 240) (VI-201) 



expressed as 
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wh«re: 

I ** root m«cin squara valu« of Hie balanced phoie currents 
p the phase angle of Iq with reipect to the time origin. 
I.e., at t - 0 . I_ « /2 I cot $. . 



The d-q-o currenti, correiponding to the actual phascf currents dre determined 
from (VI-199, -200,201) by using thf ti^ihsformatlOn (VI-34). Thus: 

I J = /2 I cos $ ' (VI'-202) 

Iq = I sin e ^ (VI-203) 

. lo = 0 . (VI-204) 

The fact that >ha50 currenh are nof time varying is completely proper 4>eca use 
these currents are ossocfated wfth Q windings which (since the Inductance relationships 
assoctatoed with these windir>gs is constant) have constant position wltK respect to the 
field, (F) winding. Since the idf'qf'o ^"■'"^^"^ result In the same mmf as the phase 
currents which yM6 a constant jjjangitude mmf revolving at the same spee^ as the rotor 
it is necessary that the d^q^o currents have constant magnitude to yield, also, a constart 
mmf. This Is true only for steady state conditions. 



I Physical insight into what has been accomplished can be gained by considering 
that in the octual machine we have stationary stator windings which have a net mmf which 
revolves^ with the same speed as the rotor. Jf an observer is on the revolving rotor and 
examined the mmf of the stator, he could very easily a^ume that this mmf resulted from 
a coil rotating at rotor speed and at some fixed angular displacement from the axis of 
the rotor Or, he could assume that the mmf resulted from two colls, revolving qt 
rotor speed\ (one along the axis of the rotor and one Jn quadrature with the rotor) whose 
net mmf wof such that it yielded the proper magnitude and phase reldtionships of stator 
mmf with respect to the rotor. 

From (VI-36,-37, and -38) it can be seen that if the various currents are 
either zero or of constant value the air gap flux linkages are also constant. 

Since we are dssuming steady state conditions in this particular analysis ^ 

l|,d = 0;i^ = 0 . (VI-205) 

because the flux linkages linking the KD, KQ windings are constant. 

if = constant ^ (VI-206) 

because of constant excitation (steady state) 

1 J, l„ are constant from IVI -202, -203, and -204). ^ 



. If flux Itnlcag*! ar% contfanf, fh« f«rmi Involving ht3n^fonn«r vottagei 
(bottd on Hm« rata of chano^ of flux llnli:a|)»t) ar« z«ro.i . %> 

Using th« abov«, w« can writ* fh« •quoMom for o g«n«ititor, or olf«nnator. 
In tht ittody itaf« at: (From (VI-180) through (VI-190) with cun^tnti Ij and 1^ having 
oppoitttf iign btfcOute th«t* •quatlont d«tcrlb« motor dctl^^n)* 



(VI-208) 



(V 1-209) 



X « - L I 



(VI-210) 
(VI-211) 



(VI-212) 



f - '-f'f " "-df 



(VI-213) 



T ~ w (I ^ . - Ij^ ) 
• 7 ^ q d d 



(VI-214)- 



^ Construction of a phasor diagram Is helpful In visualizing the ljgK»dy state 

operating condition. Note thot In (VI-1^), 6 »w t. Using this In the Inverse transfor- 
mation, (VI-35), for voltage, rather than cunrent, the "a" phase yoltage Is written as: 



v-(t) - V ■ cos w t - v_ sin u) t 

a' ' d .9 

Now, - sin u)t = cos (wt + 90). Therefore: 



(VI-215) 



v^(t) = Vj^cos t V cos ^t + 90) , (VI-216) 

When we Construct a phasor diagram, our choice of time Is completely 
arbitrary. Therefore, we will choose t = 0 for simplicity, yielding from (VI-216): 



^d ^ i ^ 



(Vl-2t7) 



. From (VI-216), \/J,f) Is the Instantaneous terminal voltage of "a" phase and 
therefore Vj and correspond to maximum values.' Therefore Vq Is the maximum value 
of "a" phase voltages, with, our time reference. If we denote the rms terminal voltage 
as VfQ, we have: 



ER?C , 



^a ' ' ^d vq 



to 



^ /2 



(VI-218) 
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wK«r« V. and V oorrttpond fo mt yaluM* Similarly: 

Q q * • .. 

^a 

I - — + I - l. > I I (VI-^219) 

Now, referring fo (VI-208,-209) with the valu«i of flux llnk\get from (VI-21 1,-212) , 
tub«tttut«d, w« have: 



ERJC 



the values of flux linkage: 
, a to)L J - r Ij ^ 



^dff ^d'd 

Let: 



1^ * (VI-220) 

qq d 

» ^IJc - «L - r I (Vl-221) 




u.L^ = (VI-222) 
u)Lj = - . (VI-223) 

sub5tltut«"(VI-220) and (VI-221) Info (VI-218) and divide every Item by yielding: 



""a ^ *d, ^'^'-df'f ^d "Ja- 

= (y^n - r —) + j( - X . — ^) (VI-224) 

/T ^/2 /2 /T /T /T 



V 

o 



= - = .^'q - i ><d'd M Ef - (Ij M l„)r (VI-225) 
' Note that V^^, 1^, and 'a 'd ^ • values and; 



Ldf »f 

E. = V (VI-226) 



V 



Ef Is the rms voltage that would appear at the mdichlne terminals If Ij 
and I were zero - In other words the "open circuit" voltage and it Is due to field 
excitation only. It Is commonly referred to as the "excitotlon voltage". 

(VI-225) can be rearranged as (In rms values) 




t55 
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Rccogntzfng that V^^ and 1^ ar« phaion, w« can r«wrlt« (VI -227) og 



(Vh228) 



A phaior dfagram can b* constructed from (VI-228). To draw tf»« photor 
6\dgntmt, w« will flrit draw In th« direct and qoadrotur* axU (th« q axU W ahtad 
of th« d axil) and cort|td«r the d axis at th« 'rtol' axis and t*i« q axit at th« Imoglnary 
axil. TKot, If w« plot 'rtal' quontttiM, from abov«, along th« d axIt, wt will plot 
the Imaginary quantities (rotated 90^ ahead beoauie of the | operator) along the q 
axis. For convenience (and to conform to rather, widespread custom) we will locate the 
q axis horlxontally. Doing this, we hove the phasor diagram shown In Figure VI-10. 




Figure VI-10, Phasor Diagram, Generator 



Note that: 

a) IX Is In the negative 'real' direction, 

q q 

b) . I X and I ,X . are voltage drops across an inductance and they 
lead %S currents Iq and 1,^ by 90° respectively. For this reason it 
is customary to denote these voltage drops by the operator | to 
indicate the phase relationship with current. 

Now, suppose we are given a specific slrtwttoh at the terminals. I.e., an 
armature phase current, fBrm\r)a\ voltage, V^, ond a power factor angle, ♦ . Wo 

do not know 6 and thus cdnnot resolve L Into components Ij and 1^ which are necessary 
to proceed with the construction of the phasor diagram. This difficulty can be curcum- 
vented by a relationship we can obtain from Figure VI-11. 



1 5« 
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a 



^ % — - 


■ ■ < - 


/ \ 
1 










1 






1 






1 



Figure Vl-ll. To locat© point a' 



From geometrical considerations: 



0'a'= 
U5" ba 



but: 



Oa = 1^, ; b'd' = i IqXq; ba = 1^ 
' .-.o'a- :=oa ^ =^'a)<^^) = I 'a \ 



(VI-229) 



(VI-230) 



Therefore, we can proceed as follows: V^, and Iq separated by^. Draw 
l^r parallel (in phase) with 1^. Draw o 'a' perpendicular to the direction of Iq* This 
locates point a'. Draw a line through points 0-a'. Resolve \^ Into l^jj and construct 
I lc|Xj, j IqX . This locates Ef which in turn determines the'necessary excitation for a 
given machine^- load situation. A relationship for ^ In a 'motor Is the subject of a 
homework problem. . 

In the situation considered above it should be noted that we can control the 
magnitude of E|: by changing field excitation, if. Suopose our alternator Is paralleled 
with another machine of size, or rating, much larger than the machine under consideration, 
(or In other, more common lerms, our machine is connected to an "Infinite bus" which may 
well mean that we are looking at one machine In a very" large system). If the capacity 
paralleled with the machine under Consideration is very large, the terminal voltage, VjQf 
will be determined by the largtf cappclty system and will remain constant regardless of the 
magnitude of Ef of the machine under study. The current supplied by our machine will 
change Its position with r'espect to in order to satisfy the mathematical relationship 
(In effect, KIrchoff's law). Under some conditions of magnitude of Ef, the current^ Iq, 



to? 



Ml 

may lead the voltage, V^. Thus, with on alternator paralleled to an Infinite bus, we 
can cause that machine to supply current at either lagging, unity or leading power factor 
Into the Infinite bus (even though the load on the total system may require net current at 
opposite power factor conditions). Of course. If the net current to the system load was 
lagging power factor and some machine (or machines) delivered leading current, other 
machines would have to "absorb" this by delivering current at a lagging power factor In 
excess of net system power factor. F^lgure VI- 1 2 portrays an alternator with reduced 
excitation. Note that, the current now leads the voltage. This condition, for an 
alternator. Is referred to as "under-excited" whereas the lagging power factor condition 
1$ referred to as "over-excited". The distinction between "under" end "over" excited- 
occurs at the excitation corresponding to unity power factor. 




Figure VI- 12. Phaser Diagram, Under-Excited Alternator 



Note that, in each diogram, logs E|: by an angle Se S 1$ fhe "power 
angle" or torque angle" previously encountered In connecHon with the reluctance motor. 
We will examine It In more detail In the next section. F(ir now, note that E|: will lag 
^ta phasor diagram for, a synchronous motor. To develop the phasor diagram for 

the motor we will reverse the direction of \q with respect to (corresponding to a 

reversal of power flow) used In the alternator phasor diagram . The diagram for an over 
excited synchronous motor Is shown In Figure VI- 13. 




I a. T 




A 



Figure V.I- 13. Phasor Diagram, Over-Excited .Motor 
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Th« phaior dlc^jram for an on<l«r-«kcU«d tynchronoui motor it shown In 
Figure VI- 14. 




Figure VI- 14. Phaser Diagram, Under-Excll-ed Mofor 



In order to determine, quantlatlvely, the power factor relationships for the 
m9tor, compare Figure VI- 12 and V|-l5T The phase relationship between V,q and Iq 
' Is perserved (except for direction of power flow). However, Ef for the motor Is much 
larger than for the sam^e power factor relationship for the alternater. In each case, then, 
the power factor- Is Heading. However the djtemator Is Under excited; the motor Is over 
excited. By the same token," an overexcited (Alternator, delivers lagging power factor 
current Into an Infinite bus system whereas an under excited motor absorbs power at 
lagging power factor. 

This ability tx> vary the phase relationship between current and voltage by 
manipulating the excitation Is a major advantOge enjoyed by a synchronous motor over an 
asynchronous, or Induction, motor. Many Industrial firms purchase energy from a 
supplier (an electric utility) under a cost contract which provides for a more favorable 
(to the customer) rate for energy used at near unity power factor. In practice, the 
majority of loads ar^-i^herently Inductive. The power factor of energy taken by the 
industrial custom^fr^can W^Jmproved (increased) by either Installation of static capacitors 
or by providing synch ronousijriotors operating over excited and taking energy at leading 
power factor. i 

A synchronous motor develops average torque only at synchronous speed 
(when the rotor field and stator field are stationary with respect to each other). Thus, 
It has no starting torque as a synchronous motor, per se. However, the damper windings, 
KQ and KD, (or the F winding if short circuited) do behave in fhe same fashion 
as the rotor winding of a squirrel cage Induction motor and do provide an asynchronous 
torque for sttirting. When the motor nears synchronous speed (it, can never reach synchronous 
speed running as an asynchronous motor because as the mechanical speed approaches 
synchronous th^ relative motion between the rotor windings and the stator field approach 
zero, no flux is cut, no voltage and consequent currents in KD and KQ are available 
and the torque goes to zero) the field winding is energized and the synchronous motor 
,"p""* ^"^<^ $tep'> i.e., runs synchronously. 
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The necessUy for control circuitry to apply the field excitation at precisely 
the proper time and the requirement to provide a source of d.c. for excitation (usually 
from a siywll d.c. generator which Is direct shaft connected to the motor and called an 
"exciter") cause the synchronous motor to be more expensive than an Induction motor of 
the same power rtJtlng. An exception to this Is for motors to run Irrelatively slow 
speeds. For the general case, however, the economics may very well be In favor of the 
synchronous mdtor when Its power factor correcting capability Is evaluated economically 
against on Induction motor plus static capacitors. 

Synchronous motors are designated as having "unity powBr factor" or 
"0.8 power factor" capability. The 0.8 p.f. refers fo leading power factor capability. 
These ratings mean that the field winding resistance 1$ low enough so that excitation 
current necessary for that power factor at rated shaft power output can be obtained 
without exceeding the thermal rating of the machine. Since 0.8 power factor leading 
rating Involves higher excltatloh level than does the unity power factor rating ("over 
excitation") a larger exciter and lower resistance (more copper) field winding are required, 
Thus, it costs more. Each application is evaluated on its own economic merits. 

VI .8 THE PO WER ANGLE AND POWER CO NVERTED, ST EADY STATE; In Section VI. 7 
we encountere3 the power, or torque; angle^ which Is the angle between the terminol 
voltage of "a" phase and the axis of the field mmf (also denoted as Ef). This angle has 
a definite relationship to the magnltude.of torque and power resulting from the conversion 
process. To analytically Investigate fWs, we will consider a synchronous alternator 
paralleled, through an Impedance, .with an infinite bus. The external Impedance may 
very well represent a transformer changing the alternator voltage level to that of the 
tronsmission system to which the alternator is supplying energy. For large machines, 
the ratio of reactance to resistance of machines and transformers is usually greater 
than 10. Therefore, it seems valid to neglect resistajice in our derivation. The 
phasor diagram for such a configuration involving on over excited alternator is shown 
in Figure VI- 15. 




Figure VI-15. Phasor Diagram, Alternator Connected to Infinite 
Bus through Series Reactance r 0 
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TS« machtn* dtrtct Ond qoodraturii dxit r«actanc« |t d«tt^nat«d oi and 
>C In ordtr to dlttti^utih thtm from tofql r^Qctonctf at cq^Mlot«d. b«low. Note that 
thW inflnlt* but voltfl|>« It d«not«d at and Ijhot ft dlff«r» from V|<„ th« alternator 
terminal voltag* by the voltage drop | I^X^ wlifch can: be resolved Into componenii 
I I .X^ and I IqX^. We ore comlderlnp the power trantf«r from the thaft Input to the 
power Input to the' Infinite but. Thut we are concerned witli the angle b exlttlnfii 
between Vjj and and we can contlder the reaotance X^ to be a part of the total 
reactance of o machine connected to the Infinite but by odding X^ to the riactoncet 
>?d ond 7 of the machine. The phator diagram then becomet: 




Figure VI-16 




Phoior Diagram of Figure VI- 15 with X^ Included with 
Machine Reoctances 



Recall that power Is the product of the ln-^$e components of current 
and vpltage* Thus: 

5 = IjVb sin 6 + IqVb cos 6 ' 
' Id and L can be determined from Figure VI-16 as: 



"d = 



- V|j coi 6 



si 



(Vl-231) 



(VI-232) 



\and: 



'q = Vb ^ 



$ln^ 



Substituting (VI-232,-233) In (Vl-231) yields: 



(VI-233) 



6 + —(3^ sm26 
d q d 



(VI-234) 



This relationship Is shown In Figure VI-17. 



f 



'f 




Ffgurt VI-17, Synchronoui Machine Pow^r AngU ChorocUHtftc 



Som« tynchronoui machlnM hav« a rotor structure which it cylindrical 
(notobly two ond four po\m high «p««d alt«rrKitort for tt«am turblr>e drive service) 
and the rotor In these machines prei«nti uniform (rtgardless of rotor position) magnetic, 
reluctance to flux. For thfk situation, >^ - and the power expression, 

corresponding to (VI-194), Is; 



P 

2f ' 



EfVb 



sin 



(VI-235) 



This Is, In fact, the relationship existing for power transfer between two 
voltages connected through a reactance. If the reactance were replaced by an 
Impedance conststlTig of an inductive reactance, X, and resistance, R it con be shown 
that the power transfer relationships are: 



and 



where 



Ps 



EfVb 



sin (« - tan"^ ^) + E^^ ^ 



J + tan ^ ^) Ef2 



P = sending end power 



(yi-236) 



(VI-237) 



P^ = receiving end power 

Ef,V|, are as defined above as they con be 
considered as the sending end and receiving 
end voltage magnitudes 



in the resistance R. 



Z = R + j X, the series Impedance 
The difference between P^. and P^ Is power dissipated as ohmlc loss (heat) 



■ r46 

{ 

Let us examine the nature of the cbubl e angle, 2 fe,, part of the expression 
for power tittntfeie between a "solleht pole" alternator (non-cyHndrlcol rotor configuration) 
and an Infinite bus. Recall that Inductance/ L, Is related to reluctance, R, by 



Fror»v (VI-238) 



where 



and 



where: 



2 2 

T" \^ R 



max 



R = quadrature axis relOctonce - 

min 



- direct axis reluctonce - R^.^ 



\ 



From (VI-239,-240) and the last term in (VI-234) 



(VI-238) 



(yi-239) 



(VI-240) 



V 



1 



V. 



^ \ ^d 2u,N 



(VI-241) 



Referring bock f6 equation (11-29) for the relationship between voltage, flux, 
and turns we have (for a device with 2 poles) 



rms 



N w 
/2 



(VI-242) 



Substituting (VI-242) for V^ in the right hand side of (VI -201) yields ^ 
0) ^ 2 - R . u) iJ^ 



2 w 



(Vl-243) is an expression for power in a specific configuration of machine 
with a magnetic reluctance variation. Comparison of (Vl-243) with the expression 
derived for torque in a simple reluctance motor indicates tki t the two expressions are 
of the same form. Thus, we conclude that a reluctance torque (and a corresponding power) 
exists in a salient pole synchronous machine. (Obviously, It cannot exist in o cylindrical 
rotor machine). We- refer to both synchronous torque, or power and reluctance torque, 
or power as contributing to the energy conversion process. 



^63 



U7 



From Figure V!- 17 and (✓h2^) U U readily teen that for any given 
oorKltlon of load, voltoge ond exoltattol there eklitt a unique power angler s , at 
which the machine will operate. Furthe?, there It tome maximum valu# of power 
iand If pow«r In exceit of thit moxtmum oopoblllty It demonded of the machine It 
limply cannot deliver It and loti of lynchronout retultt. For the moit tlmpi« cote, 
Opntl^r the cylindrical rotor machln«. AAaxImum power transfer occun when 
S ^ n/2 radiant. If thIt value It exceeded, lott of tynchronltm may retult. The 
word "may** It uted b«caute the olrcumttancet of how the load It Increased are 
Important. If the load It tlowly added to that there are no tianilent excurtlont 
of 6, t/2 would be the limiting value of « . Thut, w/2 It reftrred to at the 
"steady tftite" maximum. During trantlent twingi, retulting frcm Impaot typ# 
loadt, 6 may exceed k/2 while the rotor It oicl Hating toward Itt new tteady tlate 
potltloo. Determination of whether tynchronltm will be lott or maintained mult be 
studied for each specific situation. Such studies ore referred to as "stability studies". 



I 



The steady state maximum power which can be transferred between source 



and load If sallency Is Involved Is determined from (VI-234) as follows: 



dP 

d5 



EfVb 



COS 



(VI-244) 



whore 6 = 5 for maximum power transfer. 



m 



to obtain P 



Wo can solve for 6^ to satlsfx, (VI-244) and then substitute It In (VI-234) 



max* 



Because of the nature of (VI-244) It Is necessary to resort to "cut and 



try". Iterative procedures on a computer, or graphl.<;al methods. 

If the situation under study Involved two salient pole machines (one as I 
the other as source) (VI-234) is still applicable If we let Xj,X be the sum of the 
values for both machines and Vl be the excitation voltage for tne second machlnO. 



oa|i. 



VI .9 CHARACTERISTIC CURVES OF THE SYNCHRONOUS MOTOR; The ability to cause 
a synchronous motc^r to tafce power at various power factors, determined by the value of 
field excitation' was dlsculsed In Section VI. 7. In this section we will derive equations 
necessary to plot armature current as a function of excitation current for specl/lc values 
of converted power. We will consider a cylindrical rotor synchronous motor with 
Xj >> r so that f con be neglected. In effect, the results will relate armah:>re current 
to field excitation for constant Input power. Actual shaft power output >^q3pld be Input 
power minus losses - notably the l^r loss and the friction and windage loss. 



Consider the power Input to the motor. It 1$: 

P = 3 Vblg cos 



(VI-245) 



where P Is the three phase- power input, It Is also given, for the cylindrical rotor machine 
with negligible armature resistance, by: 



ERIC 



3VbEf 

p ^^Y" * t 64 

s 



(VI -246) 
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From the phaior diagitim, Figur* VI -18: 



or: 





(b) Leading pj. 



Figure VI-18. Cylindrical Rotor Synchror^s Motor, r % 0 



From (VI-245): 



• |V^-^ Et cos fix 2 
do sin ^ )2 = j^r--x^ J 



1 2 P ^ 

(Iq cos (j,) "^^57^^ 



(VI -247) 



(V.I-248) 



(VJ-249) 



Adding (VI-248) and (VI-249) and recognizing that co$\ + sin^^) = 1, we have: 



/ P 2 - Ef COS6.: 




(VI-250) 



where, from (VI-246): 



and: 



6 = sin 



(0 



(yi-251) 



(VI -252) 
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♦J. 



Now, pov/tr, P, «ncl >«rmtrKil voltq^t Vj^, and Xj art ip«clft«y. W« can 
for various I* ' 
th«n b« imUhI 
P, Vb/ ohd»*n vaju# of If. 



th«n caloulof« Ef for various If (from Vir252) tubiHtut* tn'(VI-251) to d*t«rmin« 5. 
Th«i« valuM con th«n b« i^bitUuttcl In (VI-250) to d«termln«, Ip conr«t|>oncltng to ftxtd. 



Tht mtnlfnum vblu* of If d«t«rtnlntd from stability constdtrattons* For any 
9ly«n values of P, X^, Vl the mInlmuQfi value of Ef possible Is that wblch HSsufts"^ 
« » yr/2. Thus, from (Vj-251 /-252) fpr sin 1^/2 - 1: ' 



gf Un/ 2 V? P \ 
U min " wLjf^^ "a,L^r^ 



(VI-253) 



df 



■ The rnqxlfwum^ value of If Is determined by the rotlnjj'^of Jj-he excitation system. 

Values of If chosen would, then, be, over the. range 



max 



(VI-254) 



A 
Fig 



typical synchronous (ttotor charoct eristic, <Xitled the 'Vee Cury<|\" l« shown In 
iure.VI-19: 

\ \ . \ /\ / AX 




Figure VI- 19. SynchronovS Motor Vee Curves, Cylindrical Rotor 



The current will be a minimum when, for a given, power, 1^ cos 4> ^ 1^ 



qnd Iq $ln <|> = 0* From (VI-248) this' occurs when 



cos 6 — 



(VI -255) 



Dividing (VI-255) Info (Vl-246) yUld|^(for unity pow«r factor and minimum 
point on a Vee curv«) 

X P . 
6 « ton"' 2 / (VI-256) 



3Vt, ^ ^. 

Of courie, a curve for P °» 0 Is not possible In practice because even If no 
shaft load Is present there are finite losses present., ^ ^ 

...... " ' % 

We conclude that the synchronous rnotor, when under excited absorbs lagging 
power factor reactive power. When over excited. It abeorbs leoding power factor reactive 
power (It appears as a capocltlve load to the supply). We can also say that the over 
excited motor delivers, or supplies lagging power factor (eactlve power back Into the . 
system. Refer to Figure VI'-20. Either convention Is correct. 



— r^y 



(a) "Load" Convenfion (b) "Source" Convention 

Figure V^O. "Lpad" and "Source" Convention for Reactive Power Flows 



It should be emphasized that saturation hos been neglected In our calculation. 
In the actual machine, as excitation Is Increased and the magnetic circuit saturates. It 
takes a greater Increment of current for succeeding equal Increments of Increasing 
"excitation" voltage. 



To calculate the "Vee curves" for a salient pole ^motor, refer to the 
expression for the power angle, in terms of various parameters, derived in a homework 
assignment. I.e., 

♦O" « = V ^ I X .In » - Lr co.^ ,(^'-257) 
b a q 

Since, 
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»li> ♦ - ^TT-T (VI-25V) 



jFor fpectflc Vj, and P we can auume a value of 1^. We. then: 

a) Cdcukite cot ^ , sin 4, from (VI-258, -259) ' 

b) Calculate tan « from (VI-257) 

c) From b, find sin 6, sin 2,*^ ^ 

d) Splve (VI-234) for Ef as follows: 



Vb 1 1 



lb si. . 
^d 



e) Find ir — r 



df 



use Yolues corresponding to: 



mlri- h^^f max 



as discussed previously (after determining for stability from^the procedures discussed 

In connection with (VI-204)* 

In subsequent sections we will analyse transient situations Involving 
synchronous machines. 

VI. 10 AN ALTERNATOR ON SHORT CIRCUIT: We will study the behavior of an 
alternator subjected to ct short circuit for three reasons: ^ 

r 

1) the results will provide Insight Int<> physical meaning of some 
of the defined constants and inductances developed previously 

2) the^resutts will ^abte us to determine various parameters^ which 
are) used In analysis^ . (torn test results 

4} 3) the procedure^ developed is easily adaptanto^to the study .pf 

^ transients associated, with the switching ofioadse 

- : . ■' •■70S 
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The f\nf fJtuaHon we will consider Is that of a three phase alternator being ^ 
driven at rated speed* tt^-Uumkimed that: 




1. the alternator Is Initially unloaded (on open circuit) 

and the open circuit voltage Is volts, rms, per phase 

2. the speed Is constant at rated value and remains so 
during the time of our study 

3. all three phases are switched simultaneously at t 0 
(therefore no zero sequence quantities exist) 

4. the field excitation voltage, Ep remains constant 

If we use the equations (VI-180 through -190) we must remember that the 
transfer function obtained did not Include Initial conditions, such as Hie flux linkages 
existing at t - 0. These eqOatlons, since they do not provide for Initial values, are 
strictly valid oniy for the change, or Incremental values, of the vqriable. The results 
we obtain are also, only changes or Incremental values of the variables. Recall It was 
stated that tHe Incremental values must be added to the Initial values to obtain the total 
variable. ^^.^ppose we. In this problem, determine the value of vj and v^, at time before 
switching (t=0) when every thir>g Is in steady state. If we mathematically introduce 

^d ^q 

vj(s) = — and v ($) = - at t = 0 the total value of the variables are v^ = 0, 
Vq 0 which corresponds to the short circuit condition. 

Let us examine the situation prior to t = 0. With an open circuit condition, 
Ij, Iq are zero- and the f^ux*s A ^ and can be determined as, from (VI-180 thourgh -190) 

L Vr 



A q = 0 (VI-261) 



Now 



dx . d 

^ 0 and 
dt dt 



^d 



= 0. Therefore; 

* (VI-2<^2) 



V 

f 



^^'^Ljf <VI-263) 
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From (VI-35), wlrt> - 0, 



- iln wt - Vq ■ »^ tin 



(VI-2M) 



(VI-265) 



Af t - 0, w« will Inwrt, mart>«maHcally, the negative of thit In accordance with our 
ditcuttlon above, I.e, 



^ Vta 



vj(i) - 0; v^(i) (— ^ ^) ^ 



(VI-266) 



Since v/e tpeclflfd that the field excitation voltage It to be ield conftant, 
v^(«) - 0. From (VI- 180 thrbugK -190) we can now write appropriate eqoatlonf at 
follow*: s 



$ - (oX _(») + r I j(t) = 0 



^ V, 



wX + $ X (s) + r I (t) 



ta 




where t 



=■ X2.(t) ;lj(s) and \^%) « X,(i) lq($) 
Substituting (VI-269) Into (VI-267, -268) yields: 



{y\'267) 
(VI-268) 

(VI-269) 



Solving for \^{s), 1^ 



$1 L(s); 



fr + s X2(s)l l^(s) -u)X,(s) lq(s) - 0 
' X^is) lj($) + (r + s X,(s)] lc(t)'-*7^ 



- U)X^($) 



to 



r + $ X,(s) 



ERIC 



+ 5X2(5) - *«>X,(s) 
01X2(5) r.+ 5 X|(5) 

t70 



(VI-270) 



(VI-271) 



(VI-272) 
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From ^1-272) 



ta 



0 



Xi(s) 0) 



s 

^ r2 + (r X,(i) + r y.^x))% + $2 x,(,)X2(t) + X,($) X^d) u, 



(VI-273)' 



/ 



(VI-274) 



Xo(«) s 



r 



(VI -275) 



In (VI-275) \ve note that r is usually (In a w«ll designed machine) reraHvely 
small on o per unit basis. We will neglect the r term completely. Thus, 



2 ^- 2 



(VI-276) 



Further, If rf, rLj, and r|J. are small, we can greatly simplify the coefficient 
of 8 in the denominator of (VI-275) beiouse, with this awumptlon: 



1 + T'. s T' s 

do do 



1 + T' s * T' s 



1 +t;;s- T;js 



(VI-277) 



1 + T" s T" s 
qo qo 



From (VI-.178): 



From (VI-279); 
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do do 

i T' t" 
^d d 'd 



^d 



(VI-278) 



(VI-279) 



and; 



Lq q 



± 
L" 

q 



(VI-280) 



(VI-281) 



UiTinp the value bf X2(s) and fWb approximaHons (VI-281 and -276) In (VI-275) yields: 



(•^«»»V 



l,(s) = 



^1 + t;,^ s)(i + t;)„ s) 



do 



where: 



^ $ (1 + $)(! + s)( $^ + 2as + 0) ) 



(VI-282) 



a - 2 ^L" 

d -q 



(V 1-283) 



In, order to obtain lj(0/ several a^sumpHons will be made. Pasf experience 
Indicates fhaf fhe results obtained, after simplifying assumptions are made, agree very 
closely with experimental results. We will first examine the term: 



s^ + 2as + 



(VI-284) 



This can be factored Into: 



$ = - a ^ j - a' 



(V 1-285) 



large, and: 



Since r Is a relatively small number, a Is diso small, w Is relatively 



2 2 

a \ . « w 



(VI -286) 



ERIC 



1 
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from wliIcK: 



% - a ^ { (D 



(VI-287) 



pr: 



wh«ro 



- , I " " « 2 



i 



(VI-288) 



(VI-289) 



The porHon of (VI-282) In brackets can be wriHen as: {iit\r\g parrlal fracHon 
expansion techniques): 



(1 + t;^s)(i + t;u «) 



do 



s(l + T;, $)(1 + $)($ + a^)($ + a^) 

K 



3 , K^/a| ^5/^2 



(VI-290) 



a. 



-2 

The coefficients In (VI-290) can be evaluated In the conventional fashion a$: 



K 



1 



1 ~ (1 + T\ $)(1 + Tr" $) 



2 2 

($ + 208 +'•»' ) 



1 

0) 



I' •> 



(VI-291) 



s=0 



K2 = 



2 

$(1 + T^ $)(w + 2as:'+ $ ) 



0 -^)(1 -^)(- Ti) 
/d 'd 



$= - 



(1 - ~) 



1 



{if ^'6 



2a 2. 

+ (1) ) 



(VI-292) 



Now, from our previous discussion, we know thqt; 



n Til . Tl Til 

^d ^do ' 'd ^d 



(VI-293) 
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b*oaut« the trnnitent phonom«nd Hm« conitantt art attdctat«d with tht. fici d circuit 
(F) wh«r«a$ Hi« lubfranklent are dttt«rmlrt«d From th« damper ctrculti, KD and :KQ. 
Til ts on the order of several secondi and "a" l« '•«« ^bon one. Therefore, we fcan 
OliQ make the approximation that . 1' 



and (VI -292) becomes: 



Similarly, 



(JL 2a . 2. 2 



(VI-291) 



(Vl-295y / 



K. 



- - — ' ■ ■■■ ■ ' ■ ■ ■ ■ ■ ■ ■ ■ I 

sO + T' s)(s2 + 2os + u)^) 



Ji ^ jn 

(yd xa 



'do., 1 



/ 



Td 



'd T'r 'd 



2a 2^ 



Using the same assumptions as aboVei 



K3* 



(VI-296) 



(VI-297)' 



Similarly: 



K4 = 



5(1 + t;, s)(i + TD ,)•(, K> ■) 



(I - VHX' - "i^do' 



s= -a. 



(Vl/298) 



If «^T^, "^Tg^, ct^T^, a^T^ are all considerably I argar fhan 1 



? 



7- 



[do ^do . 
d 'd ' 



(VK-299) 



This is a reasonable assumption because ot|, in magnitude/are greoter 
than the magnitudii, w. 



ERIC - 
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UitnQ th» vatuvi of <^ liom (VI-287, . -288) 

0| -o - |« -« ^ W / (VI-300) 

or ■ • ■ • 

« , % - lu» ; 02 *^ + l« ^ (VI-301) 

(VI-299) b«comM 

t 

M - (VI-302) 
- «/ , . 



T'T" 2 



From (VI-279) 



^d 

and w« c«n wrltd (VI-302) bt, using (VI-303) 



d 

> 

can b» determined ai, using the tame approximation 



K,^ T' T^^ ?° -—2 4) <V'-3^) 



(VI-303) 



! 



•04':^: - e-'^ 4) - (VI-304) 



Using the expression for K^,K2,K3,K^ and K5 as determined above In 
the partial fraction expansion (Vl-290)| arid <VI-2i2) we find the a^roxlmate expression 
^or lj(s) as: 

■ ■ ■ ' ■ ' ■ ■ • ■ . 

- (i) (-r^r-i + , 1 J f ■ (vi-306). 

• . ' ■ .... ' T 75 • . 



Rir 
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\ 



/ 



The Inverse h-amfbrm of fhe two ierirts containing a in (VI -306) becorhet: 



(VI -307) 



_ a t 

-"i^ ^ 2 t » -at 

~ I II I f) J " " I II r ^ 

'■d ^ d ^ 



-at 



^ '1 » - 77 ^ cos tot 

•-d 



We can define a time constant; 



where d has th 




m (VI-283), i.e.. 



I II I II 
2 d "-q 

'a r ^L'* + L" ' 
d q 

We can now write the inverse transform of (VI -306) as: 



(VI-308) 



(VI-309) 



(VI-310) 



^ V^a I (Tio - T;,) -tAii (Tl, - Ta) -tA^ 



T' 

d 



Ti e 
T' T" 'do 
d d 



. „ ^ cos wt 

d 



Rearranging (VI-311) yields: 



t: 



W =-^2 v^ /j;^ MXT- 

d d d 



1 . -'Ail 1 T^o T jo 



Tl 



5r> ' 

d 



do 



(VI-311) 



•4. T 

d d 



-^Aa 



co$w t 



(VI-312) 



From (Vl-177): 



176 



160 



wl — T 



1 



(VI-313) 



From (VI-178) 



TioT3o 



(Vl-314) 



We nyUI denote fhe following reactances 

>Lj = direct axis synchronous reactance "= 
iLj = direct <Jxls transient reactance = 
iLj = direct axis subtranslent reactance = X^J 



U) 



(VI-315) 
\(VI-3T6) 
(VI-317) 



With these definitions, we can express the current In (VI-312) as a function 
of voltage and Impedance. Thus: 



^ V 



^ 1 -^Aa »^v^ -tAa 



^d 



(VI-318) 



We will now find from (Vl-273)t 



/2 V (r + s X2(s)) 



'{r2 + , 



r(Xi(s) + X2(s))s + X,(s) X2(s) s^ + 



u)2xi(s) X2(s)j 



(VI-319) 



ERIC 



^2 V. 



1 



(VI-320) 



to 



^X^i) X^^ 



(1 + T^o 



? 7/ 



(VI-321) 



}6] 



ustng the value of X]{t) from (VI-186), the value of a from (VI-283) and the tame 
oisumptlont used In stmpllfyng the expreulon for l^jCt)* 

Again, using partial fraction expansion ' 



(1 + T" s) K7/«^ 

^ ^ ^ 7T—^.^-7~—,^77~rt (VI-322) 



(i.rs)(s^2a..a.2) ^ Om;;,) . i s/ ^ . i 
q * 



where a^, have the value!^ as defined In (VI-289): 



0 ^ t;;^ ») 

•^6 " 



5^ ^ 2a +0, 2) 



T" - T" 



2 

1 ' qo 



(VI-323) 



T" 



using the some arguments, as before, regording relative values of time constants « 

For a large nymber of machines, the coupling between the KQ and Q 
windings Is rather poor because of the hi^h reluctance of the path through the air 
gap along th(6 ,q axis and: 

'». 

Tq% t;;^ . ., (VI-324) 

which results In: . ' 

* = 0 (Vh325) 



(1 + t;;s)(s ^^2^ 



s= - ex. 



(1 - »,n(c^-o,) 



(VI-326) 



from which, with previous arguments ond assumption: 



T" 

-x, qo 



T" 

q 



(VI-327)' 



162 



SImtl 



iriy: 



K8 



(1 + t;;^ «) 



(1 + T" t)(t + « ,) 



(VI-328) 



or 



^ (Vl-329) 



Using the values of K^, K7, and Kg In (VI-322) and (VI-321) yi^^ids: 



y«2 



From (VI-.179); 



T" 



'y I _ j_ 

" q ' q q 



^ (VI-330) 



(VI-331) 



where X" = quadrature axis subtranslent reactance. 

V ' ' 

Using {VI-331) In (VI-330) and taking the Inverse transform yields: 



/2 V -at i„t _ -iot 



(VI-332) 



q 



(VI-333) 



For balanced conditions, I.e.*, no zero sequence quantities, from (VI-35): 



Iq = Ij cos 6 ■" Iq Q 



(VI-334) 



/where- e «w t + 8 and 6 Is an arbitrary phase angle. 
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Frw» (VI-318): 



* A *- B co« u# 



A « — 



4. 

1 



) c 



B » 



(VI-335) 



(VI-336) 



From (VI-333): 



where: 



Then 



Iq = C $ln 0) t 



C = 



X" 



= (A - B cosw^ COS (wt + 6) - C sin wt sln(a)t + B ) 




(VI-357) 



1-338) 



(yi-339) 



Now: 



I (0 = A cos (ut + 6 ) - [B cosw t cos (a t + B) + C sinw t sin (wt + 0)1 (VI-340) 



B 



6 cos^wt cos + B) - J [cos B + cos (2L»t +B )1 



C sin wt sin cat + B= 2 ^^^^^ ^ ~ 



(VI'-340) becomes: 



(VI-341) 
(VI-342) 



la(0 = A cos (wt +0 ) - {^^) cos B - (^) cos(2 wt ^ bJ \ 
Using the values of A, B, and C from (VI -335, -336, and -338) we have: 



(VI-343) 
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J 



1^ 



Hi 



+ (J! L) t " + (J- -•!-) g "V cof Ct + B) 



I .1 



X q d ' q d 



(VI-344) 



The valoai of 1^, and t^. would b« of the tome form at the exprewlon for Iq 
except we would replace |3 by - |^) and ( B- ~4 reipecHvely. 

We note from (VI-344) that the short circuit current contlsts of three distinct 
components - a component at s/n4ll-onous frequency, a unidirectional component and a 
doulbe frequency component. The fundamental frequency component has on Initial value 
of: 

- •^^•-^'"-^ . ' (Vl-345) 



^d 



and It decays at a rate determined by the transient and subtronslent time constants. The * 
subtranslent time constant Is primarily determined by t he damper bars. The transient time 
constant Is most heavily Influenced by the field circuit and Is considerably longer than 
the subtronslent time constant. The fundamental frequency component has a "steady state" 



value of ampere rms. The unldlrectlon component magnitude Is determined by thfe eVict 
d 

position of the rotor at the Instont of short circuit. If B « .It Is a maximum and \q Is 
said to be "fully offset", I.e., It Is fully asymmetrical about the zero current axis. Jf 
the rotor position at the Instant of short-circuit Is such that B«tr/2,Tr/2+2iT/3,or tt /2+4 Tp^j\one 
of the phase currents wWI not hove a urirdlrec|lonal component and will have "zero offset"\ 
or It con be referred to as "symmetrical'^. <^ 

The second harmonic variation 'arises because of the "sallency" <5>f the'rOlor. 
If the rotor were "cylindrical". I.e., the reluctance Is the same In the q^ond d axis, 
(x" - xj) Is zero and no second harmonic of current exists. Figure VI-21 shows osclllogrgms 
of^'the three phase cqrrents. Phase "a" current Is symmetrical r the other two phoses hove 
offset. Figure VI-22 shows the envelope of the steady state> the transient, end the sub- 
transient portion of the fundqmental component of the short circuit cun-ent. 
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FFgbre Vl-35f. Shorf CIrcuU Component Envelopes 
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^K>H!rtimictlv« to look xit tht "wont" cot# Into far a» magnitude it 
conotm«d« the nyagnttude It Impoitant becQuie of the mechenlcol for^» on the 
wtndtr^ whfeK r^Wlt ond becouie protective devlcet mutt be capable of Interrupting 
* the current.. IMpte that, from (VI-318), la(0) It xeio. Thit It In accordance with 
the Inltlol oondlHont choten. I.e., r\o load prior to t « 0. If we ottume a 
cylindrical rotor the tecond harmonic term If iero - In a tollent pole machine It It 
much lett than the unidirectional component under (any circumttance. Therefore we 
will neglect It - which It alto a way of toying: thot xlj k x^. If we ore Interested 
In the maximum value of Iq, which can occur within T/Z cycle, we can alto attume 
np decoy of the frdnttent portion. ThIt auumptlon It. contervatlve becaute the actual 
decay retuitt In a letter value of 1^ than that colcujbted without decay. Then: 

/ 2 Vj^ ' 
Ja(t) «= [cot («t +3 ) - cot 01 (VI-346) 

d 

Obviously, forB = n and (wf + 6) = ?t , l^(t) has Its maximum value, 

♦ 2/2 V ' , 

L(t) = (VI-347) 

'max 

Thus, OS an approximation we can soy that a full offset v/ove. I.e., for the 
situation where ^ = n the resulting maximum value of current^ Is two timet the maximum 
value for a symmetrical wave, B ^x^nd occurs at time t =«~ seconds after switching. 
This is 1/2 cycle after t = 0. Also, the maximum value Is determined from the ratio of 
excltdtion voltage to subtranslent reactance for the condition of no load prior to the 
short circuit. 

Because of the changing fluxes In the machine, voltages will be Induced 
currents will flow In field circuit winding. In order to evaluate these, refer to 
appropriate equation. 



which is: 




At t 
using (VI-263): 



0, with ij = Of Iq = Of " *^ ^ta °* ^^^^ speed. 



-y^ V 



v„ or 'J 



'q • d 



to 



U) 



(VI -348) 



and, since: 



-df 



(VI -349) 
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1^0) - 

CO L. 



(VI-350) 



■df 



In tfitt same fashion as before, we will Hie fransienf porHon of If 

ond add U fo the steady state value lf(0) existing at t - 0. 

From th'i transformed equotlons (VI-129) through (VI-133), we can substitute 
<VI-130) forAf Into (VI-132) yieldlngr (Since Vf - constant, the change In excitation 
vol tage is zero) . 



Substituting (Vl-13t) for Into (VI-133) yields 
Solving for wa have: 



- $ 



Ldf ^d(«) 



r,,d (1 + ~^s) 



» ^df 'd<*^ 



s L 



df 



s L 



df 



r,(l^~) 



r. .(1 + J^.) 
••kd 



^kd 



s L 



df 



(VI-351) 



(VI-352) 



(VI -353) 



•-df ^kd " 



'-kd " "-df 
••kd 



si ? Ic|($) 



f($) - 



"Now, 



2 

'•■kd "-f ^kd "-f ~ ^ df 2 

••f -"kd ^ <~ ^ 7) * ^ ^) » 1 

^ 'kd "^f "-f ""kd 



(VI -358) 




at prevlouily d«flned. 

Note the bracketed portion of^l-358). In the denominator, It the iame at 
the, coefficient of ^^(t) In (Vhl39). With the approxlmattont oted there and using the 
tame defined time cor\stm tt, (V 1-358) becomet: 



Using ^d(s) from (VI-282) In (VI-360) yields: 



(VI-360) 



lf<s) = — [ (77) \ 



0 ^ T,,d ») 



d f (1 + s)(1 + T;; s)(s^ + 2as + u,^) 



1 (VI-361) 



Again with partial fraction expansion, 



K 



K2 K3/«^ 



] •^2 

+ 4. — — ~ + 



. t;; s)(s2 . 2as . (ht;,s) ht;)s s/v^ 

K4/C.2 



(VI-36^) 



where! 



a . = 



1 = f - 1^ 

«2 ~ a + i w 



(VI-363) 



(VI -364) 



(] + TJJ 5)(s2 20$ +(0 2) 



s - - 



T' 



2 

0) 



(VI-365) 



0 + \6 •) 

T 



(1 + T' s)($ + 2a«^ u)^) 
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1 



\ 



(VI-366) 



.K3 



(1 + T,,d 



- "1 \d 



♦ 



(VI-367) 



'kd 



Td ^d ^' 



(VI-368) 



(1 ^ 5) 



(1 + t;, $)(i + Ta s)($ +«^) 



- T 



kd 



and 



t/x >Tw /""d^ J n 'kd / V 



(VI-369) 



'kd 



1A, 



I/" 



i 



(VI-370) _ 



From,(VI-350) 



^ V 

~3T 



df 



(VI-371), 
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Uilng (Vp71) f,^ (VI-3^0) and toking th« Inv^ne tronifbrfn ylel<^: 



MO 



Td d . 



Tied -»A<, 



d 




"df 



d 'd 'f "d 
1 



T'. ^ d 



f 'd . d 



From the ddEkiitions 



(VI-372) 



(VI-373) 



(VI-374) 



(VI-375) 



Ldf ^ ^ f 

T'. = " ■ direct axis transient open circuit time c«i^tant 

, do - ■ 



■df 

'd T"^r7t 

df a 



direct axis transient short circuit constant 



cii 



becomes: 



T\ <|o d 



(Vl~376) 
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The change In field current (VI -37!^ becomes then. 



/ 



d 



From (VI-177), 



I'll ^ ^^'w *■ 



(VI-377) 



or 



39 ■ I 



^d 



L'. 



(Vl-378) 



(VI-377) is Hie transient portion of the field current. This can be added to th^, steady 
state portion^ I f(0)^ to obtain total field current as a function of time after the altemotor, 
at no load and driven at constant speed. Is subjected to a 3 phase- short circuit. Thus 



- (1 - T^) ^ 

d 



Tied. -^A3 T,^d -^Ac 



^d 



COS U) \\ 



) + I p(0) / (Vl^79) 



A iypfcal oscillogrofn of the field currenf under these corfdIHone is shown In 
Figure VI-23. ^ ^ - -rvOt cvf t-V -rsk.y^t crcu^r 




Figure Tyfiicol Field Current of Alternator on Short Circuit 



In the above deriva*lot^, it was assumed thaf the alternator waj operating 6t a 
no load condition prior to t=0* Hf we wish to study the effects of Initial load pridr to the 
short circuit it is only necessary to determine Vd(0) and Vq(0) for that st4ady state condition 
and swjtqh tlie negative of these values in the equations describing the behavior - the same 
procedure as used previously. The current solution. It will be recalled. Is the change of 
current that results. . Thii change of current is added to the steady state current existing 
at t=0 to obtoln the total current as a function of time. Schematically, this situation is 
shown in Figure VI-24 by means of a "one line" diagram. "One line" diagrams are used 
to represent polyphase systems under balanced conditions* Note that this diagram repr^ents 
an alternator connected to a bus through a transformer. The transformer is represented by 



7 88 



Ift •4bioujP' tmp«danc«. Af I <0 th« but voltage It Vja(O) and olt«rnofor ts 
tupplylng o fcurr«nt 1^(0) •lth«r dlr^cHy lb q lood or Into tH« romalndtr of a «yif«m 
v^lch may be loadi qnd ofhor alt«matort. 




Figure VI-24. "One Line" Diagram Repre«enfatton 



♦ * 



At t =' 0, the switch Is closed simultaneously In all throe phases and It 
is assumed, as before, that the, speed remains constant during the period 

of time of the study. 

The effect of the transformer impedance (negligible resistance) can be dealt 
with In the ^me fashion qs In the steady state situations discussed In VI. 8, i.e.. It ' 
Is^ added to each of the machine reactances because l^j and I ^ both flow through this 
reactance. Thus, 



(VI-380) 



The first step is to construct a steady state phiisoi[ diagram, based on 
V^(0), Iq (0) and,^ to determine Vj(0), Vq(0) as shown in figure VI-25. 




Figure VI -25. Steady State Phaser Diagram, t < 0. 
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The components of V,q(0) along the d and q axis are, of course, Vj(0) 
and VJO). These values are r.m.s. and must be cort verted to vj(0), v^{0) by 
multipFying /2 as In (VI-225). We can also find 1,^(0) and lq(0). After solving 
for ld(0/ •q(f)/ a» derivation for the ho load case* obove, we odd lj(0) and 

lq(0) and solve for la(t). 

VI. 11 SWITCHED LOAD STUDIES; Problems Involving transients which occur when loads 
are switched can be studied quite readily using the |irlnclples and equations from 
Section VI. 10. For example, suppose It is desired to study the bus voltage variation 
when an Impedance Zi 2 switched on an alternator supplying load current to on 
initial load represented by Impedance, Zl], The one line diagram for this situation 
and its equivalent are shown in Figure VI -26. 




Figure VI-26. Equivalence of Situation 



i ' ■ 

We can treat this as if it wore an alternator on short circuit supplying an 
initial load (as in Section VI. 10). After determining Vd(0), V»(0), 1^(0), and I (0) 
the equations for the change In Ij and i^ can be obtained. Total Iq can then be 
calculated by adding to these the values of-i^j(O) and iq(0). , It should be carefully 
noted and recognized that jhe equations for Ij and 1^ were derived based on very low 
values of resistance which made several simplifying assumptions possible. If this .is„ 
not the situation for the specific case being studied, one must go back and obtain new 
expressions for the change In cunrent l,j(t) and lq(t). However, most voltage transient 
studies of this type deal with the switching' qf loads, which appear very nearly completely 
reactive when ^witched on (for example, the starting of large motors, arc furnaces, etc.) 
After the value ia(t) Is detennlned, the variation of V^(t) can be obtained by taking 
the product of the series Impedance equivalent (to the parallel combination Zj^ and I2O 
and iQ(t). , . 

Vf.l2 SYNCHRONCXJS MACHINE DYNAMICS: When shaft torque is changed - either 
by increasing load on a motor or changing the prin\e mover torque of an alterrwator, the 
rotor assumes a new position with respect to the stator field. That is, the power angle, 
S, changes. It will go throug^i a transient peri oii before settling down to Its new steady 
state position. The factors affecting this transient response are very complex as will be 
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shown In this section. However, by making .appropriate simplifying assumptions we con 
obtain results which will yield Information of value about this period. Most machines 
exhibit under damping. That Is, «, oscillates about Its steady state position with the 
magnitude of oscillations decaying exponentially. If shaft torque due to the connected 
device Is also oscillating at frequencies' near the "natural" frequency ^f the machine, 
very large amplitudes may result because of the resonance effect. In order to examine 
darr^lng and frJ^uency of oscillation w* will assume the following: 

1. TPte dsc II lotions are small sinusoidal excursions about 
the steady state ..opera ting point (power angle) 

2. Steady state speed, w , is at rated speed 

■ * t 

3. Excitation voltage and terminal voltage are constant 

4. The effects ofySaturatlon are neglected 

5. The applied stator phase "a" voltage Is: 

va = sin (u,f + af ^ (VI-381) 

6. The stator rotating magnetic field position, 0^, which will be a 
reference, is given by: 

G -u,t (VI-382) 
s 

In the above, « is the arbitrary angle necessary to relate stator field position 
and applied voltage. The angular position of the rotor, 6, Is related to the stator field 
position by: ■ ' v 

0=0-6'= cot - 6 (VI-383^ 



) this convention is for a motor, where the rotor axis l<jgs the stator field axis. 
If the roto/ is changing position, « = Mt), an^ we can express inlstantaneous rotor angular 




velocity as: 

u)(t) denotes the actual angular velocity; ^ is the steady state ongular velocity. In 
ternis of rotor angle, 6, we can express applied voltage (VI-381) asf 

Vq. sin ( e + (S + a ) , 

= jip e cos ( 6 ^ a ) + V^' cos e sin ( 6 + a ) (VI-385) 

From the transformation, (VI -384), can l^e^^ejpressed in terms of vj, v^ as: 
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» vj cot e - fin e (VI-386) 
From o comparison ^6f (VI -385) ond (VI-386) w« $•« ^!ah 

v^i » V^ «ln ( 6 + a) ' (VI-387) 

and: 

Vq » - V^ cos (« +^a) ^-^jyi-388)^ 

Prom (VI- 180) through (VI-190) the applicable «quaHons for balanced 
conditions ore^ using (VI-387) and (VI-388): 

d \, 

« V^ sin (6 +a ) -~ - ^ (0 % + r 1^ (VI-389) 

= - cos ( 5 +a ) « + w (t) X . + r I ' (VI-390)' 

" dr ^ CI q 

^ d(5) = X2(s) ij(s) + X3(,) Vf<«) (VI-392) 

^ . X^(,) = x,(s) }q(sy (VI-393) 

wh^re X^(s), X2($) and X^{s) are as previously defined In (VI-186,-1B7,^188). 

Now, assume an Incrementol load perfurbatJon, AT, tf {ntroducede Th« 
variables, S«e/, currenfs, flux linkages, and load angle change by small Inorehfients, 
denoted by A , from the steady state voltes denoted by the subscript o# The total 
value of the variable Is the sum of the Incremental change ond the steady state value « 
Thus, 

L = I + A i 

= A,j„ + • (VI-394) 

" X ~ X + AX 

q qo q | 

o 

where 5^ denotes steady state;qngle power angle mlnu^.-tK« arbitrary angle, a , and 
w(t) is as defined In (VI-384>.' . 
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The f]rff of f\>9 dwcrlblng equoHons, (VI-389) b«comei, using from 
(VI -387) and noHng l*Kit: 



V f In ( « + A«) « V tin A co« A« + V_ cof « ^ A« 
m o w ° 

d ^ 

$In «Q cot A6 + V„ cot 6q tin A« j^CAq "^^AAj) + 



(VI-395) 



-(■»-^.(«^ +A6)Kx^+ AX,) + Kldo+4'd) ■ (VI-396) 

For small tixcrurttont of power angle: 

tInA6:^A« " (Vl-397j 

.j^jllff^ cot A« 1.0 



(VI-398) 



Also, of course. 




^*i = o/> = 0.^=0^ : (V.-399) 

Using these reloMonships OfKl neglecHng second order differenHols, 
(VI-396) simplifies to: . ' ' 

+ V^ sin 5^ ^ V^(&6') cos 6^ = ^ d ^ "^^q ^^qo ¥ ^ 



+ r ijQ + rA ij (VMOO) 
In the steady state, this relationship is: 

. + V^ sin«o ^ 'do . (VMOl) 

From (VI- 185), with V^ constant 

X2(s)Aij(s) =AA^(s) (VI-402) 

Subtracting the'^laplace Transform of (VMOl) from, the Laplace Transform of (VMOO) 
and using (VI-402) for A 1^(5) yields: 

(V^ cos 6 ^ - A q^s) A6 + (OA A q - ("^ + s) AX j = 0 ( VI-403) 

ERLC 
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\f ^duld b« notvd tWit X3(i) tt not try thU •quoHon b«oaut« <° 0. Alto 
the (t) defitgnatlon for transformed vaflablet^t been dropped but tt tmplted. 

Stmtlariy, for (VI-390), VI-39"!) for ttep torque change ~T~ , we hove : 



> * 1 _ 



a>AA. 



0 



(VM04) 



(VI-405) 



{VI-403, -404, -405), with appropriate tnUtol condttions can "be sojved to 
yield a solution for A5(t). However, it should be noted that the expression will 
contain terms with s to the 5th power because of: 




s X,(s) X2(s) $2 J 



(VI -406) 



A computer is necessary to deal with the equations as written. In order to 
proceed, without a computer, some simplifying assumptions can be macie. As an illustration, 
assume a step load of torque is impressed upon a synchronous motor under no load conditions 
for \ <0. 

Thus: 



sin 6^ 



cos 6 = 1 
o 



'do = 0 

i = 0 
qo 



(VM07) 



A = 0 
qo 



We will neglect the transformer type voltages, sOch as: 



dt ' dt 



0 



aF* 



in this analysis. Also, with the assumptions used in (VI-276) andi(VI-277) 

2 
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(VI-408) 



(VM09) 



(VI-410) 
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, From^ (VI-390), wllh 



I " 0, (no load) 



^do 



V V 



0) 



(VMll) 



Wirtl these approximatfons (Vl-403f -404 and -405) become: 



V A6 -{«AX - -"7 AX . = 0 
m q L". d 



c 



(VM12) 



m r ^ - 

AX ^ -h»>AX J ° 0 



» A6+ <\ 

q 



(VM13) 



J s 



2 A6 - 



3 V 



m 



q 



AX^ = 



q , s 



(V 1-4 14) 



WUh these equations: 



A6 = 



0 
0 



ATl 



I" 

q 



3 V_ 



m 



20) r 

•q 



m 

V ''^ 
m 

s 



J s 



L" 

q 

- 3 V 



m 



2 0) L" 

• q 



hi 



0 



•-d 



0) 



0 



/ 



■. \ 
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o 2 AT, 

Lyn;) t 



y 



^2 J s2 + J s + f 

q d 



5" 



2 X"w AT, 



3 V ^ s 



m 



This 1$ of tH© form: 



2 I" 



2.L" 



V 2 u. J X" 



3 V 



m 



(VM15) 



(Vj-416) 



AT, 



2 

V J s 



,2 ; 



+ — $ + V 



2 V 



(VI-417) 

\ 



V = natural undomped angular velocity of oscillation 



= V 



^ 2 a, J x;j ^ 



V 

(VI-418)l. 



C = the damping ratio 



V 

X m 



2 '^X" 2 u, J X" 
d q 



The inverse? transform of (Vr-417) yields: 



(VM19) 



aTl , , 

A^(t) =~T -7^— 

V J ( A - ^2 



•^^:vt 



sin 



where ^> - ^an 



. J 



(VI-420) 
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From (VM20) several observations car> be mode: 

1. The reloHonihip behveen sfeody state change in power angle and 
change in torque is! 

' C A6 = AT, where C - J (VM2l) 

' • S L S 

2. ' The damping effect approaches tero as r •+ 0. 

' . ' •> * " . 

» 3.. The maximum air^Iitude of the oscillation is given by (approximately) 

AT, . AT, ' 
. K=:- ^ -f=- ^ ' (VM22) 

4. The time constant for the decay of sinusoidal oscillptions is: 

1 4 x;i X" J 

j^L^ ^ (VM23) 

m 

I 5.' Now Vj^<>cVf. If either r or Vf are small, the time constant for 
damping out the oscillations approaches infinity and the machjne 
tends to "hunt"\ This is indeed the situation for an under excited 
synchronous motor. ' >y ^ 

If AT(t) was a sinusoidal function, rather than a step function; AS(t) would 
osclMate at two angular v^ocities - one corresponding to thdi of the driving torque and 
the other the natural anguloNyelocity V found here. If these V wo anguldr velocities 
iKive the same value, resonance results and very large amplitudes of oscillaHon wiji be 
experienced. 

It should be note^ that the analysis and representation above Is for small 
oscillations and for the machine at no load. Results are not accurate for other conditions, 
however; the analysis 4pes Indicate which parameters influence the synchronous machine 
'dynamics. " ' 

I. Note that we can "work backwards" from (VI -4 17) and find the 
differential equation corresponding to the transformed -equation (VI-417). Thus: 

^ * 

A6 = • (VM24) 

J $^ + 2JC^s + J 



From (VI-421): 



.V 2j = c ■ (VI-^1) 
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4n6 w« will dtfin*! \ 

2 J C7 - , (VI-.425) 
and w0 can wrlt0 (VI -^424) as a funcfton of Hm© as: 

. ■ ■ ■ ^ / 

J^^Cj^y^ A.«-Af(t) (VM26) 
(VM26) Is widely used os the describing equation for the machine. In (VI-426): ir 

4 

J — ^Is the Inertia torque v 
* dt^ . > 

C^A6 Is fhe mofor forque ptx>cluced by synchronous motor acHon • 

-^p 1$ 0 damping torque and acts to resist change In A6 . 
Actually, It Is an asynchronous torque Identical to 
the torque In an Inductlon^ motor. It results from an 
intetnction between cu^^nts In the damper windings 
(KD and KQ) on the rotor and the stotor field. 



VI. 13 SYNCHRONOUS AAACHINE PARAMETERS BY TEST; If we refer to Figure VI -21 
we see that of least two of the tKree phases (and possibly all three phases) have a uni- 
directional component of current in the short circuit current obtained by test. If we 
remove this unidirectional component, we hove the fundamental compqnent shown as 
phase "a*^ In tiie osflllograms of Figure Vh21. The envelope Is plotted In Figure VI-22. 
Comparison with equation (VI-344) indicates that: 

oa = w„ 

^d 

ob = ' • (VM27) 

^d ' 

oc ^ ■ 

^d 

and that the subtranslent portion decays with time constant V^, whereas the transient 

portion decays with time constant T^. Similarly, from a recording of lf(t), we can 

determine T • 
a 
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The Institute of Electrical and Electronic Eng^lneere publication "Test 
Procedures for .Synchronous Machines", '115 detall^^p^ocidure$ for obtaining the above 
parameters as well as other parameters used In machine analysis. Applicable sections 
for the above and othee are: 



Section 



7.15 


" for Xd 


7.20 


- for 


^ 7.25 


- for Xi 


7.30 


- for,Xa 


7.35 


- f- Xq 


7.65 


r^o 


7.70 


- for 


7.75 


- for 


7.80 


- for T3 



, Note that can also be calculated from . 

n L" 



T 



a = ) (^'-^28) 



The test code does not specify how to test for 1^^, T^, and T" , which are 
necessary in some types of analysis. The quantities must be calculated or obtained from the 
machine designer. Two classic references on the prameters are: "Calculation of Synchronous 
Machine Constants", by L. A. Kilgor^, Trans. AIEE, Voli 50, 1931, pg. 1201; » 
"Determination af Synchronous Machine Constiints by Test", S. H./ Wright, Trans. AIEE, 
Vol. 50, 1931, pg. 1331. 

VI. 14 SYNCHRONOUS MOTO(? APPLICATION: Synchronous motors, in general, are 
more expensive^ than induction, or asynchronous, motors except in the case of motors 
designed to run at relatively slow speeds. For example, consider an application involving 
a load to be driven at around 150 rpm. For a 60 cps source, the motor must have 48 
poles. Mechanically, a 48 pole induction motor Is difficult to dfesign, whereas a 48 pole 
synchronous machine is possible without complication. Thus, the choice involves a 
higher speed induction motor with speeds reducing provision (either belt and pulleys or 
gearing) or a synchronous motor with assbciated d.c. supply and control for the field 
circuit. The synchronous motor starts with field shorted and excitation is applied as 
It nears synchronous speed. Control circuitry is necessary to insure the application of 
field voltage, or excitation at the proper time. ' 
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The decision as to whefher fo apply a synchronous or an JnducHon mofor fo 

V * a specific drive requirement is usually one of economics. Seldom does a requiremenf for 

absofufely^'constanf speed en fret Into the decision In power applications. A general rule 

of thumbs is that "when the horsepower exceeds the rpm, the synchronous motor and 

control a'tje economically advantdgfeous" . It should be empTiasized that this Is completely 

general. The power fdctot cbrrection capoblllty of the synchronous motor can be 

decisive in an economic evaluation of which motor to ,buy. In a situation where one 

desires to obtain o higher plant power factor while adding motor capability ^ the 

higher cost of the synchronous motor, d. c. excitation provision^ and control must be 

evaluated agalnst^he cdst of the induction motor, its control and static capacitors 

which yieltl the same power factor correction capabi|,|ty as the synch|^^rK^us motor* 

The following example will illustrate the procedure for this type of evaluation: 

ft 

-<^- Exa mple 

Assume an industrial plant with an existing connected load of 10000 Kw 
at a power factor of 0.8 lagging. ^ It is necessary to add 3000 Kw of motor load 
(ori^ unit) and it is desired to improve the overall plant power factor to 0-9. Three 
possibilities are open. They ore: 

1 . An induction motor - with static capacitors ^ 

A synchronous motor ^ possibly with static capacitors 
^ a. a unity p.f. capable motor 

b. an 0.8 p.f. (leading) capable motor 

Assume that either motor is 93% efficient and Hhat the induction motor takes 
power at 0.85 power factor. A volt-ampere, power diagram for the existing situation 
in the plant is shown in Figure Vl-27a. Figure Vl-27b depicts the induction motor. ^ 
The combination of existing pipot plus induction motor i^ shown 4 n Figure. VI "*27c. Also, 
the power- reactive power values for a 0.9 power' factor after adding the 3000 hp motor 
ore shown. It can be seen that for the new plant load of 13,230 Kw the Kvar permissible 
is equal to 6420 Kvar. 4lovyever, with the original Kvac plus that added by the 
induction rnotor the new total without static capacitor correction would be 
7500 ^ 2020 = 9520 Kvar. Since 6420 Kvar yields 0.9 p.f., 9520 - 6420 = 3100 Kvar 
of static capacitors will be required. If a unity power factor capability synchronous 
motor were added, rather than the induction motor, only 7500-6420 = 1080 Kvar of 
Stqtlc capacitors would^lig required. . 

Figure VI -28 indicates the overall effect of using an 0.8 p.f., leading 
capability motor. 

The synchronous motor would act as a capacitor and supply 2420 Kvar of 
leadir>g power factor reactive power resulting in an overall plant power factor^- after 
adding the motor - of: ^ ♦ 

c ^ ^ -1 5080 ^ n o>*i^ 
y p.f. = cos tan -[5555 ^ 0.945 

Thus^ the power factor has been improved to better than 0.9 >vithout static 
capacitors. Exactly which choice is to be specified v/ould depend upon relative cost 
Q* of the motors and capacitors. i ^ " ^ 

ERIC 2CP 
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Figure VI-27. The Power-Reactive Power Situation Using 
an Induction Motor, 
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Figure VI-28. Power-ReacHve Power SituaHon Using an 0.8 p.f." Sync^ironous Motor 



VI. 15 SYNCHRONOUS MACHINE SIMULATION AND MODELING; If one desires 
\o carry >he block diagram modeling of a synchronous machine to ttie point of inter- 
connecHon of the various block diagrams fonnulated thus far (see Figures VI-7,-8, ar>d -9) 
one must specify whether It Is a motor or alternator that Is to be modeled, and the 
system configuration. 



For example, a single alternator can seive a combination of loads. It can 
be parolleled with other alternators of more or less efcjual (total) copaclty, or It can., 
operate in parallel with an 'infinite bus' as previously \defined. Each situation Is a 
partidular case. We will examine the simplest case In Vder to illustrate the method ^ 
and procedure. * tt\ 

JL^ ' \ ' - 

Consider a single alternator, driven at constant toted speed, supplying a 
balanced three pharffe load consisting of + | Xl « Zl ohms^,(equivalent) In each phase. 
Assume that the t)bject of our investigation will be the variatidn of terminal, vol toge 
when load Is switched on and that a voltage regulator 1$ used t^ assist In the regulation 
of terminal voltoge. ^ can assume a bloik diagram for the voKtage regulating circuit 
and the d.c. excitation system as shown In Figure VI-29. Recall\that for 6 balanced 
system, the zero sequence voltage and currents are zero and that, '^rom (VI-215), 
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Figure VI-29.1 Volfage-R*gulator-Exclta*lon System 



(VI-429) 



G($) is tfie transfer funcHon reloHng error slgnol input and output, AVre ^ 
If this were a regulating .system utlflzing an amplldyne, for example, .the actual tuncrfon 
"?oT? G{s) could be determined by modifying (V-25) by multiplying l^($) by the trahs- 
formed impedance of the alternator field winding* 

Note t^at inputs into the block diagrams are, in addition to ^Vf(s), i^(s) 
and i ($)• We can obtain these as follows: (where Rl, Is the equivalent series 
resistatice and inductance of the load) ^ 



d i. 



or, using^ fh« a, b, c - d, q, o transformaHon 



d w. 



cos 0 - V iin 9 + Ll Hf^^'d ® ~ ' ® ^ 

which yields, when ex|Bnded: 



d i 



vj cos 0 " ^ ~ 9 ~ wLj^ iq cos^ 0 + L|_ 



dt 



cos 0 + 



d i 



Rj^iq sin 0 to L^^i j sin 0 - Lj_ jj. sin 



(VI-430) 



(VI-431) 



(Vl-432f) 



Equating coefftctfnh of lik* frlgonom^frlc t^rmi ahd toklng fh* Uploc* transform, 
consldertng th« Initial conditions as zero,' yloldi the following relqtlonsf^lp for the 
change In variables: M-j^ =* Xl) i ' . - 

(Rl + Ll$) njis) - \ A lq(s) = Av^(s) . (VM33) 

> • + \ Alj(s) + + \s) Al^(s) - +Avq($) ^ CVI-434) 

Solving for A A yields: ' - ' ^ 

(Rt. -+ lL^)^^d^^^ ^ Xl A Vq(s) 
LlS^ + 2RlLl s + Rl^ + X^ 



A Ij(5) - ~ 7 r~2 ^ (VI-435) : 



* . ' - XLAvjs) + (R[ < L-l?)avJ$) 

- 2 2^ (VI-436) 

^ L^s"^ + 2RlL|^$ + \ 

In order to obtain lq(0), lj(0), we can consider the steady state situation; 
(Load before switching; R + j X = Z) 

vj(0) + j V (0) " .X . . 

^ = u(0) ^ i I: (0) . (VI-437) 

: R + i X d^ ^ ' ^ 

R v.(0) + X V (0) M(R vq(0) - X vd(0)] 
1^(0) ^ i lq(0) = ■ ^ — - . (VM38) 

from which: 

ld(0) = ~ vd(0) + ^ Vq(0); lq(0) = 5^ v^(0)^ - vj(0), (VI-439) 

The block diagram for (VI-432,-438) is s]^ov/^^ in Figure VI -30: 

^e must obtain block diagrams relating v •(s^ v (s) to A j(s), A.q(s), ' 
wd iq(^ From before, Except changing the sign o? current to conform to 
generator convention: 

A Vj($) = S AX j(sV - AX q(s) - r A 1^(5) I (VI--440) 

I 

SVqW = sfiAq(s) + Mj(s) - rS (VI-441). 

" ■ v 

f 

\ ' 



id8 








♦ • 





1%' 



« 




Rgure V1-30. Voltage to Corfeht Relationship, Balanced Load of 
The block^iagrom for .(VI -440 and -441) tt shown In Figure VI-31. 
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Figure VI-3K Voltage, Current and Flux Linkage Relationship. 
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/ Figure -9, -29, -30 and -31 are Inferconnacted in Figure VI-32 

toMdrm the complefe system of alternator, load, voltage regulator and excitation source 
for the system assumed. (Note that the sign of Ij, i^ is reversed to conform to 
alternator convention)* The only steady state value at t ;< 0 required here is that of 
Vq(0). If this system Is to be simulated on an analog computer the necessity to 
differentiate iaXd and aX^ y(lll be a complication because exaet differentiation using 
analog elements is not possible because of their finite output voltage llmfts. The 
saftie fcompllcation is present to a lesser extent in tbe load representation. It is' 
necessary to either resort to "approximate^' differentiation or to neglect the c^^dt terms. 
The reader can refer to a text dealing with analog computer techniques for a dicsusslon 
of the "opprxomate differentiator". 

To Illustrate modeling and simulation of a synchronous motor, we will dhoose 
a system Involving a variable frequency, variable voltage to be impressed upon the 
synchronous motor In order to obtain a variable speed drive system. Such a system 
In Its simplest form, would involve a rectifier-Inverter combination energized from a 
constant potential, constant frequency soOrce, Referring to (11-25), we observe thpt 
we must maintain. a constant ratio of volts impressecJ per cycle In or^der to maintain a 
constant value of flux (and flux density) in the magnetic circuit. Since the machine 
is designed for some maximum Value, It is essential that we maintqin' this ratio constant 
below Its maximum value; A power supply for accomplishing this Is shov/n In block 
diagram form in Figure VI-33. 





CO 
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Figure VI-33. Frequency Converter Block Diagram 



In the converter, the input Is r<5^tified and filtered to provide direct current. 
The inverter consists oT thyristors and diodes. The thyristofs are switched. in a definite 
sequence by the "gate" circuitry to fornr-a 3 phase output. Th^ gate switches at a 
frequency proportional to the speed signoj (since speed and frequency In synchronous 
machines are proportional) and at such an instant within the cycle so as to provide a 
magnitude proportional to speed. In this course, we will not go Into the details of the 
Inverter and gate circuitry other than to hote that we can "process" the d.c. to form a 
three phase output wherein, we oi>tain a magnitude such that /2 V^^,/^, = constant, 
where to = actual speed. 



m 



I I 



I I 

i AA^ . 



I 



4 



I 




Figure VI-32. InterconnecMan for System SlmiilaMon 
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We will now redrrang* the oppllcabU equaHons to obtoln block diagrams which 
we con then Interconnect to form o model of the synchronous motor and I ood. We will 
neglect the d^dt, terms In the equations In order to simplify the simulation. From ,(VI-I08) 
the applicable equations are (neglecting the dx/dt terms and re<bgnlzlng Tl, Vf and 
^ Vfa/<**= as Inputs); 

vj.u,A^ = Oj : • " . (VI-442) 

= _ a,A^ = r Iq .(VI-443) 

AAq =Alq X^(s) , . (VI-444) 

AX J *Aij X2(s) + AV^ X3(s) ^ (VI-445) 

I 

I 

In addition, we will use the relationships; r 

(.") M-^T^) (VM47) 

T = = V I V. r (VI-448) 
e w ''q 'q ^d d ^ 

In the last equqtlon is Instantaneous electrical power Input to the motor 
and is the sum of the products of the in phas* currents and voltages. The ohmic loss 
is neglected (as in the chang^e in stored flc^ld energy because the d^dt terms arti not 
included above). Friction and windag<^ losses ore Included as part of . 

Assuming we have currents l^ and ig available, we can obtain speed, w , . 
for any load torque a« shown in Figure yi-34) from (VM44,-?445, anj -446): 

From Figure VI-34/ if we have currents Ij, iq and initial values of the 
currents, and excitation available we can obtain , ^ q, and as outputs for 
given Vf , Tl . 

Next, assume we have^ vj and Vq. V/^ «an use th^ ov Xq and values 
from (VI-34) to obtain ij and Iq using (VI-42, -443). This i^ shown in Figure VI-35. 
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Figure Speed, Torque, Current Relationships 
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Figure VI-35. Ta obtain ij, i 
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W« <:an now ut« th* i«maind«r %f th« «(^tiont abov* to find v v . 
TKtt It thown ff) Fttfur* VI-36. ^ 




To 



CO 



> • 



F|gur© VI-36. To-othaln Vj, V 



Inferc'pnnecHon of Flgurw (VI-34,-35 and -36) fo obtain the cbmplete 
mode) of the synchronous motor, with the OMumptlons glven^ Is shown In Figure VI-37, 
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Figure Vh37. Interconnection for Synchronous Motor Model 
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CHAPTER VII - POLYPHASE ASYNCHRONOUS MACHINES 



VII. 1 INTRODUCTION AND CONSTRUCTION FeAuRES: Asynchronous machines or© 
oll^rKittng current machines f hot do nof runiJpi synchronous speed. The most common form 
-of this type machine is the "induction" machine* Although the machine can functioix^s 
either a motor or generator (that Is, the energy cbil^^Srslon process ts reversible) the most 
widely used configuration is that of motor. Reasons for this will be discussed later. 

The armature (usually the stator) of the induction machine and the synchronous 
machine are identical. However, the other*member (usually the rotor) is quite different. 
The synchronous machine has a coll, energized from a direct current source, which result? 
in a rotor field stationary with respect to the rotor. Since the rotor and stotor fields 
must be stationary with respect to each other In orAer to produce average torque, the 
rotor must revolve at synchronous speed. The IndOctloh machine has a polyphase winding, 
rather than a coll, on the rotor. The excitation results from current flowing in the. rotor 
winding. Current flows as a result of polyphase (Voltages existing either by induction and/or 
^ by injection. By far the most common variety is, one in which Induction accounts for 
the vdtage and' resulting current. The analysis in this text will deal with this configuration 
The polypbase rotor may be either "wound" or "squirrel cage". The "wound" rotor has a 
regular polyphase winding similar tq that on the stator. I.e., it must 1i<^ve the same number 
of phases and pales. The terminals of the rotor winding are~obnnected to Insulated slip 
rings mounted on the shaft. Carbon brushes hearing on the^ip rings make the terminals 
avallciblo/^ernally (and stationary) in order to add adi^opal (external) resistance to 
the wi^ig. This capability permits the user to alte/ the speed torque characteristic, 
as* will be shown later. (If voltages of a special frequency are to be injected, thtfy^ can 
be injected through these brushes). The squirrel cage rotor is so named because it resembles 
In some respects, a cylindrical squirrel cage.. This winding consists of conducting ..bars' 
imbedded In slots in the rotor iron and short circuited at each end by conducting end rings. 
This construction is simple, relatively inexpensive and very rugged. It results in a widely 
^sed motor. 

It can be shown that the induced voltages and resulting currents in a squirrel . 
cage rotor are such as to resul t in a rotating mmf similar to that obtained from a 
wound type polyphase windl?fg. . 

In order to visualize the torque-speed behavi9r, consider that the rotor is 
stationary. By electromagnetic vlnductlon, q voltage (depending upon the turns ratio 
between rotor and stator winding) Is induced in' the rotor. This action results from the 
stator field rotating post the Votor" Inductors and Inductng a speed type voltage in the 
rotor. Since the winding is closed upon itself, currents flow in the rotor and o revolving 
field is established on the rotor (because it Is a polyphase winding). Since the rotor 
and stator have' the same number of phases and poles and the freqyency In each is the 
same (with the rotor statlpnary) the fields are stationary with respect^ to each other and 
torque results. Since the rotor Is free to turn, it accelerates. 



Now, corild^r the tttuatton at |om» tp««cl. Let: 

w « mechanlcat anoular velocity of the rotor ^ 
V " the angulor velocity of the ttotor field 

= the angular velocity of the rotor field with respect to the rotor. 

The relative speed between stotor field and the rotor structure con be ex|!>ressed bs a 

froction of stator Held speed and Is defined as the "slip". Thus: 

/ ... . 

' . « o = \ (VII-1) 

- _ s 

where: ^ , * * . 

. / slip 

'< ■ 

Since at any speed, w, the relative speed between rotor Inductors bnd w is 
only times CIS great as at standstill, it follows that the frequency of the voltage a^d 
fcurrent? Iff the rotor will only be the fraction o of their value at standstill. Thus the 
revolving flpid of fhe rot^r, w^, with respect to the rotor will be: 



0,, = o « (VII 



If we odd ^ , the speed of the field with respect to the rotor, to the rotor 
mechanical speed, w, we have the speed with respect to a stationary reference. Thus: 

U)^ + U) - 00) + U) (VII-3) 

r $ 

Using (VIM) in (VI I -3) yields: 

w - 0) .'I 

(0 + (0 = / )(o +0) i • (VII-4) 

r ^ (0 ' s 5 

s 

Although = angular velocity of the rotor field with respect to tt»e rotor, 
to + is the angular velocity of the rotor field with respect to a stationary reference. 
(^11-4) Indicates that the speed of the rotor field with respect to the stationary referertc* 
Is the same as that of the stator field. Therefore, the fields ore stotlonary wltb respect 
t6 each other and On overage toruqe Is produced and the rotor continues to accelerate. 
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^ If we contldtr the ilfuaMon as a-* 0, \\., the mechonlcol speed, w ^ approaches 
^ « we tee thot the relative velocity between sfdtor H«|ld arid rotor Inductor approachei 
zero and under this condition, the Inducc^d rotor voltage also approaches zero. With 
zero voltage .Induced, no rotor current Is possible and j(io torque can be . produced. Thus, 
somewhere between f "^l.O (rotor stationary) arwl o« 0 (synchronous |p«ed) an 
equilibrium situation between developed torque and torque Is reached. The motor 
runs, steady slote, at the speed at vvhlch this oofurs. A typical speed torque character-' 
Istic Is shown In' Figure VII-1. 




Figure Vll-lj Induction Motor and Uoad Speed-Torque Characteristic 



VII.2^ /lNDUCTION MOTOR ANALYSIS: ' The 2 pole asynchronous machine is shown 
schematically in Figure VI 1-2. Note that the stator winding is depicted identical to 
the stator oF the synchronous machine in Figure VI-2. Although the coils for phases 
a-b-c are shown concentrated they are usually distributed around the periphery in 
practice. The rotor winding Is represented in the same fashion and the phases are 
denoted as A-B-C,, The schematic representations for the machine are shown In 
Figure VII-2. Twfe rotor windings are shown "open" rather than closed upon themselves 
and with voltages, v/\f vg, and v^- impressed in order to obtain completely general 
results. 



For analysis purposes, we can consider the instant of time when the 
axis of phase A on tKe rotor Is at an angle with respect to the axis of phase a on 
the stator. Since ®2 J* completely arbitrary, this is a generalized situation. 
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Figure VI I -2. The 3 Phase Induction Machine 



Now:- 



or, since frpm (VII-1): 



^2 =0) t 



0) - 0)^(1 - o) 



(Vll->5) 



<VII-6) 
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If fh© machine has symmatrlcal wlndln^rs (i.e. each $totor phase Is Identical 
to the other stator phaW winding except displaced In sjJwce, and the»samo holds true for 
the rotor windings) we can denote stator resistance as r^, rotor resistance as xr^ and relate 
voltages, currents and flux linkages as follows: 



. • dX ^ 
^h 

V. = r,l. f (VII-8) 
b 'b dt 

• ■ dA 



c dt 

dA 

> 

A_J'2'A ' "dt 
B ■2'B dt 



(VII-9) 




V. =lr.l. + " ' (VII-10) 



V. - roi„ + — .(VII-11) 



.V • • d 



The sartift assumptions made in connecHoh with the analysis of the synchronous 
machine concerning satbration, hysteresis and eddy currents in the iron will be made here. 
In addition, as before, w^will assume sinusoidal dhtributlon of mmf and flux density in 
space. Further, if we neglect the permeance variations in the air gap due to the slots 
and teeth on the rotor and stator we note that all of the self inductances are independent 
of rotpr position. 

We will define the various self inductances a$: 

L^^, Lj^j^, L^^ - stator winding self inductances 
'"AA' ^BB' ^CC ^^^^^ winding self inductances 
For d syr^metrical winding configuration 



=Lbb=L„ (VII-13) 



"aa OD cc 



end 



LaA = l-BB = l-cc • (VII-14) 
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^Wf will define the mutual inductances between stator windings as: 

d ■ ■ ^ ■■ 

ond the mutuol inductances between rotor windings as 

■Lad ■ "-AC ? hlC ' 



- However, the mOtuol Inductance of the rotor windings with n^pect t0 the 
stator windings <and vice versd) are funcHoni of the rotor position whicVi is xi function of 
Hrrte. (The rotor position Is defined for analysis pur'posei as 62)* • 



The flux llnka^s In stator phase a due to rotor current U are a moxYmum 
when 6 2 If zero. With the assumption of sinusoidal flux density distributluon they can 
be written as: 

lAL^ACose2 ^ (Vn-17) 

The, f I uxk linkages in stafdr phase a due to rotor current Ig are a maximum when 
©2 ^ 120^. Therefore they can be written as: 

Ib L^a ^""^ ^^^^ (VII-18) 

and for rptor current iq, the flux linkages in phase a, can be expressed tis 

L^^ cos(e2 - 240) (VII-19) 

Note that the peak mutual Inductance between any stator and rotor wIfKling 

is the same^ de^otecf as L^^, by virtue of , symmetry. >^ 

\ 

V " 

Total flux linkages in phase a are therefore (Including flux linkages due to 
stator currents) / 

• ^ L i + L^i (i. + iJ + L A (L cos + 

a aa a \t> ^ oA a 2 

ig cos ~ ^20) + i^ CQS ( e 2 - 24(|] (yil-20) 
The flux linkages in rotor phase A due to various' stator currents are: 

. • < \^V^^ cos ' (VII-21) 

N ^bLaA'^^» < ^2 - 240) (VII-22) 

i^L^;^^ cos (8^2 - !20) (VII -23) 



Total flux Mnka9« Im rotor phaw A are, therefore (Including flux linkages 
due to rotor currents): * . 

l^ cos - 240) + 1^ cos - 120)r tVII-24) 

Note that the cosine expressions In and reciprocal Inso far as 

the argument of th# angles are concerned. This Is because to on observer on the'^tator 
the rotor appeors to roJate CCW where as to an observer on the rotor, the stator 
appears to rotate CW. 

We can apply the same reasoning used above to write expressions for the 
flux linkages In the other windings. Thus 

f 

+ in cos + I cos (e^ - T20)l (VII-25) 

, • B 2 c 2 

= Laa^b^^ Lab <'a + /c^ ^ ^^a f'a ^^2 - 120) 

+ i|^ cos + i^ cos (e^ - 240)1 (VII-26) 

ft 

>c = Laa'c ^ ^ab Oa ^ 'b^ ^ ^^A ^ 2 " ^ 20) + 

+ ig cos - 240) + \q cos e 2)] (VII-27) 

X C = Laa'c ^ L^B ('B ^ ^C) ^ L^A f'o ^^2 -^240) . 
^ . + % cos (62 - 120) + i^ cos 62] (Vll-|8) 

Under balanced conditions, + 'b 'c ^^"^ 'A, ^ '& 'C ^ ^* *^g«*^ 
rearrangement and regrouping of terms and the defining of fictitious inductnces, L^^, 

L i + L u (iu + i ) = (U^ - L u)i = L,, i^ (VII-29) 
aa a ab ^'b c' ^ aa '^ab' a II a ^ ' 



^22 'fo'l^^ws: 



and . ' 

I^A'a + "-AB "b + 'c' = (I^AA - Lab) 'a " '■22 'a (VII-30) 
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Using the defined inductances L^, 6nd L22 v>« can jummarlze the flux linkage 
oxprf^ssions afc>ove as: 

" ^a - M l^o. ^ '-aA '^A cos 0 2 ♦ \^ cos <^2'- ^^0) ' ^^2 " 

\ - hl'b^ ^ L^A Ha ^ ^ 240) ^ iB cos ^ i^ " 120)1 



(VII-31) 
(VII -32) 



^c " "-H'c ' '-aA ''a ' 120) » ip cos {&2 ' 240)'+ l^cos.O^I 

V = 42lA^Una '2 ' ^'2 - 240) ^ 'c ^2 " ^^0) 

'b = 42'B ^ ^oA ''a ('2 - 120) » 1^ cos 62 cos (62 - 240) 
42'C ^ '-aA "'a^°' ^^2 ' '240) + i^ cos - 120) + 



Ic '2> 



(VII-SS) 
(VII-34) 
(VII-35) 
(VII-36) 



If the flux linkages, as expressed in (VllrSl) through (VII-36) are used^n the 
voltage equations (Vll-?) through (VII-12) a set of non linear differential equations result 
because both currents and angle are functions of time. The bracketed coeff.c.ertt of L ^ 
in (VII-31) through (VII-37) suggests the use of the same type of transformation used in 
the synchronous machine^ analysis (refer to Section VI.3). Recall in ^^;«;?'>-'y^''/^« 
axis was chosen, along the rotor qxis with the quadrature axis advanced W ahead in the 
direction of rotation. The transformation developed had the mathematical ef ect ot con- 
verting the three stationary phase windings (and-current, voltage, «and flux linkages) to 
two rtctitious windings denoted , as d and q windings-one aligned along the direct axis and 
tl4 other aligned along the quadrature axis. 

The fictitious d and q windings rotate at synchronous speed and thus are 
stationary with respect to the stator. The fact that the actual windings were rotating 
with respect to air gap flux density is accounted for by virtue of the and o^x^ 
speed voltages in the analysis. 

For the induction machine we can use the same approach but we vyiM have to 
use a transformation on both th^ stator and rotor winding because both windings rotate 
relative to the stator field. We will choose the diredt axis such that it rotates synchronously 
with the stator field and locate it so that it passes through the a phase winding, axis at 
t = 0. From (VI-34,-35) we express the direct and quadrature axis stator currents as: 
(using the additional subscript, 1, to denote stator quantities) 



(VII-37) 



•dl 




cos e 


cos (0 - 


120) 


cos (e + 120) 




•a 


•ql 


2 


- sin 0 


- sin ( e - 


120) 


- sin(e + 120) 




'b 


~ 3 










'ol 




.l/2\ 






1/2 




• 

1 

c 



and, from the Inverse i©K (Vlf^37) 
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•a 


V 


cos ( e - 120) 


sin Q 1 




I 11 
dl 




'b 


i 


~ stn (e -'^120) 1 








c 


t 


cos ( 0 + 120) 


- ^in (e + 120) 1 






where 0 =v4a t 


and ^ 


Is ,fhe angular 


velocity of the stofor field. 





(vii-m 



The ro^or windings are at a different angle with respect to the d-q axis than 
are the stator windings so the transformation x^sed For the rotor wlridlrgs will have a dtfTerent 
angle than ® = ^^t. wos ptevIoOsly defined as the an^le of rotor phase A ahead of 
stotor phase a winding axis* Thus^ the angle between phase A axis and the d oxls, which 
we will define as 9 j. \} the difference between 0 = t^t and Or, 



e =0) 



(yii-39) 



In the transfornxitlon (VI 1-37, -38) the angle between the a phase winding axis 
and the d axis was uBed. For the rotor quantities we would use the same transformation 
except with © replaced by the angle between ffefe d axis and the axis of rolbr phase A 
and we will use the additional subscript 2 to denot^ rotor quantities. As before, the 
transformations are valid for- voltages, current and flux linkages. 

«» 

If the transforjTKitions are used with equotlons ^^11-7) through (VII-12) and 
(VII-31) through {V}i-36) the following results are obtained. (Balanced voltages are 
assumed so the zero sequence quantiti'es are non existent). 



dA 



^id - n 'id "^"57 



Id 



d^ 



v,_ ^ r,i^ + ..^ +w A 



Iq l+q dt 

d X 



2d 



2d '2'2d dt 



d 0 

r 

2q 1"t"" 

d e. 



d 

^2q=^2'2q^-^^'2d1^ 



(VI 1-40) 
(VII-41) 
(VII-42) 
(VII-4!?) 
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(VI (-44) 



Iq '°^n'2cf ^ 2 ^oA '2q 



2d 



3 

'-22'2d 2^aA 'id 



2q 42'2q 2 oA hq 



(Vll-45) 



(VII-46) 



(VII-47) 



Recall fhaf ^ ^ Is fhe angle befween fhe d axis, ptoUng at synchronous speed 

de ' 

and fhe rofor, rotaUng at speed <*> . Therefore "T" Is fhe relaUve speed between . fhe stafb^ 
field and fhe rptor. From fhe definifion of slip, : 



we note that: 



OO) =0) - (0 

s s 



de, 

00) = ' 

s dt 



(VII-1) 



(VII-48) 



The equat-ions above for rofor and.stator relafionships are compaHble wifh 
physical reasoning for fhe rofor and stxafor circuits. The sfofor equations are of fhe same 
form as those of jh^ synchronous machine stator if we recognize thaf 1]] and L22 are self 
inductances ond ^ L^^ is the mutual inductance between rotor and stator. For the rotor, 

the equations are also of the same form. For the stcitor phasip windings, the speed vcltages 
are proportional toWj* rotor windings, the speed voltages are proportional to 

because that is the magnitude of the speed of the d^^s relative to the rotor winding. 

The instantaneous power associated with the polyphbse machine 1$ the sum of 
the products of voltage and current in each winding - either u^ng phase quantities or 
the transformed d-q quantities. In connection with the generalized machine analysis * 
it was demonstrated that three type terms results, i.e., ' 

i^r - \feof loss 

i ~ - change of stored energy 
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power associated with speed volfodes 
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If wo« cl#monifrtit«d that only th# power terms atsoctofed with speed voltages 
Repreter>t power converted in the ijlectromechonjcar conversion process* Since the 
eleotibmechonical energy conversion process takes place In the rotor, we can focus oor 
attention on terms Involving rotor speed voltages and currents to obtain the expression 
for cenverted power, associated with the Induction machine. The result Is 

Now, - u^ols the rofor speed with respect fo the d-q axis In electrteal 
radioh/sec, because the angle 6^ Js constantly Increasing In a negative direction 
^s ^ ^ The speed In mechanical radians per second Is, then: ^ 

w = - -V- (VII-50) 

P/2. 

where P Is the number of poles. Since: 

p 

" Of course, fhe usual relationship between the torque produced, the load 
torque and the. Inertia torque also exists, 

d<*> * 
e L dt 

» . ^n the equation developed, positive quantities pertain to motor action. If, 
for example, , was greater than o) (only possible If Is negative Indloatlng load torque 
Into the machine - or. In other wor^s, the induction machine is being driven and not 
functioning as the driver) then slip, o ^ h negoHve and mechanical power is converted to 
electrical form and the machine is functioning as a generatore 

V 

We con summarize the equations developed for the induction machine as 



folloy/s: ^ 



0)^-0) » (VII-53) 

0): 



(<*^ and <*>musl,both be in either electrical or mechanical units) 

5 



d X. 



■• . ^ . e 



where 



where 
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1 • 



*ld " "-ll'ld ^ '■12'2d 



*lq - hi'lq + '-ijljq 

t 

ft 

^2q = L-22l2q + L.2hq 



r2 =* rotor resiskince/phase 



11 

22 



'oa 



- L 



ab 



-AA "^^AB 



3 

12 ' 2 ^oA 

= stafor phase self • Inductance 

^ys^ = rotor phase self inductance 

^ = mutual inductance between two stator phases 

= mutual inductance between two rotor phases 

== maximum value of mutual inductance between a 



aA 



(VI 1-57) 



(VII-58) 



(VII-59) 



(VII-60) 



stator phtise and a rotor phase (wben the two phase 
windings are aligned) 



T. = I (*2q '2d - *2d I,„) 



P = number of poles 



2q' 



(VM-62) 
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w « mechdntcal speed of rotor; 

J « totol moment of Inertio on thaft 

= lorqut (;|tfoc{qted Nvlth the convertlon process 



J \ " torque to connected load. Positive for o 

driven load (motor) 

< 

' We- are now In a postHon to ut ^ the equations which describe the induction 
machine to dnalyze the ^chine behavior under various condftions and sifuotionle 

VII. 3 STEADY STATE REPRESENTATION: Under steady stt^te conditions, i.ee 
constant sltp^ the transformer! windings are stationarjf with respect to each other and 
the flux linkages are constant* Jherefore the, terms involving derivatives of flux . 
linlcoges are leroe . 

Since ' ^ 

\ Vq = v^j oosw^t - v^ sin u)^t ^. (Vn-64) 



we can write 



^Id c^«^s^ ^ ^iq ^ (VII-65) 



V, - vid + i v^q ; ^ ; (VII-66) 

Similarly; .t^ c 

M hd ^ ' Mq ^^^^^ (VII-67>- 

and . 

^2 " '2d ^ '^2q '^^^ ^^^^^ (Vl^68) 

where v^ is the instantaneous value of line to neutral (phase) voltage impressed on the 

stotor and \^ and i2 are the instantqineous stator and rotor currents e In the normal mode 

of operation, the rotor windings are closed upon themselves. Thus, with nQ externally 
"cifi^plied voltages t 

V2c|/ are zero (VI 1-69) 



In th« •quoHont abov«, 1]] and L22 lnduchanc«f whereat L]2 

the mufuaf Inductance between stator and rotor. We will introduce the leakage reactances 
and ^2 respectively). Thus: 

. Ln - ti « 1-12 ' (VII-70) 



For the induction machine In the steady state, using (VII-70, -71) we can 
write the descrlbifng equations, from (Vll-54 thn^ugh -61) a% iFollows: / 

■ ' -ld"M'ld-", <'-12^'-l)'lq - '",Ll2'2q \ ^^"-^2) 

which can be wrUten, for st^dy stafe sinusoidal condiHon5^ 

and 
or 

i ^iq ^ --lO Hq) ^ i ^(^2 ^ h)hd ^ i "s>-i2i2d (vii-7^) 

Adding (yil-73) and (VII-75) yields: ' 

-Id+i Vlq='j<'ld-^l 'lq)"<'l#^i V""'"-!'^ 



" (ild ^ i 'iqXi %Ll2' ^ <'2d ^ i '2q)<i'» , L,2) (^"-76) 

Using the value of i2 and from (VII-66,-67 and -68) enables (VII-76) 
to be written as: 

^ VI = r^i^ + i^ (i 0.^ L^) + (1^ + i2)(i'- L^^) (VII-77) 

Equation (VH-77) expresses a relationship between instantaneous values, 
l-f each term were divided hy v7 It would express the relationship In term's of rms Values; 
thus, 

' = r^li + i I^X^ + j di + I2) X12 (VII-78) 



I- ' . " ■ * 

= rim appHdid votttige per phctt^ 

I] ^2 stotor and rotor currenff % 

X] = ftafor leakage reoctance <^L| ^ 

X^2 ftator fo rofof mufual reactance = ^$1^12 

We nexf apply the same procedure fo fhe equqHons^ involving^ the rotor 
circuits* Thus: • 



(VII -79) 



or: 



and: 



dr: 



r.. ^ 

0 = r2l2d +^ (f-$)ai2 ^ '2q) 0%) ^12(1 hq) ' 

0 = + ~sai2 ^ 4) '2d ^''"s'-12 'id <V'[-8') 



adding (VII-80) to (VII-82) yields: 

0 = '2<'2d ^ i '2q) ' i '-12)<'ld * I ',q ^ •2d + i '2q) ^ - 

iC" 4)('2d ' ' V 

ConverHng to rm$ values, and using (VI 1-67, -68), we have: 

0 = r2l2 + Xi2)(li + I2) +J " X2I2 (VII-84) 

Where X2 r'otor Ic^pkage reactance at stator frequency JL2* 

'The coefficient v in front of ^]2f^2 •'^^'^^^•^ ^^^^ actual rotor frequency 
is stator frequency times slip* This is reasonable since the relative speed between the 
rotor and the stator field h ooy ^ 

Equivalent circuits are very useful because we can then utilize conventional 
circuit theory techniques for behavior analysts* We can formulate equivalent circuits / 
shown in Figure VH-3 for (VII-78) and (VII-84) if we divide the latter by slip, 
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V 

a 



— 



Flgure VII-3. Steady Staf© Equivalent Circuits - Asynchronous Machines 



Since these circuits have a common element, | X^2 ^^•Y ^o" combined 
• into a single circuit as shown in Figure VH-4. The total power absorbed in the rotor, 
^ per phase is: 

- r2 



(VII-85) 



Some of this power, i.e/, 

'2 '•2 

is dissipated as rotor copper loss. The remainder. 



(VII-86)' 



'2 — - ' •:2 - '•2 - ^ 



(VII-87) 



is converted to mechanical form and is the shaft power output plus the power loss associated 
with mechanical fi'iction and windage. This stjggests splitting r<^o , the rotor equivalent 
circuit resistance^ into two rotor resistors. 



'2 '■2-(^^) 



to represent the absorption of rotor power* 



The equivalent circuit is shown in Figure VII-4. 

V, 




(VII-88) 



Figure VII -4. The Asynchronous Machine Equivalent Circuit (One Phase Only) 
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M. ' Anofhar f«chnft|U6 which ^ill hn useful tt to find the Thevenin equivalent 

circuit for the stotor. To do so, find the open circuity I.e., rotor removed, voltage 
ckcroi9 o^* In Figure VII-4. - It li 



V,' 



In a well designed rr^ chine, (X]2 ^ X^) » r^ and 

^12 ^1 



(VII -89) 



^ + X 



(VII-90) 



12 



-■ft 



To find the equivalent series impedance, + j X^, for the Thevenin circuit 
representation, measure the impedqnce between a -a', with replaced by a zero 
impedance connection. , 



^12 \ 



(VII-91) 



12 



Using the values from (VII-90, -91) and with the alteration In ro/cr dls(?ussed 
above, we arrive at the final yerslon of the circuit representation of one 'phase of the 
. asynchronbus Induction machine. It- is shown In Figurft 'V)l-5. 




V 



I 



J) 



Figure VII-5. Steady State Thevenin Equivalent Cir<;uit 




The resistor representing power converted to mechanical form Is shown 
variable because its value is dependent upon slip, <r. Since we have assumed 
balanced and symmetrical phifse, whatever we colcukite for this phase is also 
happening In the other phases! Thus^ quantities such as power loss, power converted, 
etc# must be rrujltiplled by three (in a three phase machine) to account for all three 
phases I ^ 
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VII. 4 STEADY STATE PERFORMANCE t For a' motor. In the steady state, the performance 
quantities of Interest are utually the speed torque characteristic, the current and the 
efficiency for vorlous operating speeds. These quantities can be readily determined by 
use of the equivalent circuit depicted In Figure VII-^S, 



Since: 



The power. In the three phases, converted to mechanical form Is: 
The torque developed Is: 

2 



3 l2^ r2(l - o) p 



s 



From the equivalent circuit; 



V 



.2 



(VII-92) 



(VI I -93) 



(VII-94) 



(VI I -95) 



2"f T 



R, + 



(VM-96) 



as a funcHon o f and also w is ploHed in Figure VII-6. Nofe that 
^ can vary over o range from P < 0 through ^ ^ 0 and fhen into the region o > Q. 
^ ^ 0 represents motor acHon; cr > p corresponds to, generator acMone a 0 is fhe 
transfHoh point. The maximum torqulT* developed is designa^d as and if occurs qf 
a %\\p o 




Figure ^ Asynchronous Machine Speed-Torque CharacferisHc 
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b ^ Is clet«rmln«d By equoHng fhe^dwlvotlve of wUh reipect to o oqual 
to z«ro. Tliof/ from (VII-96) 

<^ ' ' ' , ». 

' r 2 2^ 

KR, ) + (X, 4- xj) 1 ^ (VII-97) 
(VII-97) is solved for the <^ which yields T^^ which we designate o^. Thus: 

^ «..JL.. I . (VII-98) 

If wo substitute (VII -98) Into the expression for (VII -96) we will have 
T^. Thus: ' ,2 

.3,, 1 ,,P, 11 



T 



m 



At this point we con make several very important observations regarding the 
speed-torque characteristic of an induction motor, i.e., , 

(1) From (VII-96), developed forque 1$ proporftonal fo the 
square of fhe Thevenln circuil' voltage and thus approximately 
proportional to the square of the opplied voltage. 

(2) From (VII--99) the maximum torque developed is independent 1 
of I'otor resistance, r2e 

(3) From! (VII-98), the slip, ot v^hich maximum torque is 
developed is directly proportional to r2, (even though Itself 
•s independent of 12)* 

If we are dealing with a wound rotor machine we can add external resistance 
at the slip rings in order to increose r2 above the value inherent in the actual rotor 
winding. For this' con figuat ion/ the speed-torque characteristic is actually a family of 
curves, as shown in Figure (VII-7). (Only the portion corresponding to motoring action 
IS shown). 
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Figure Vll~7. Speed-Torque Characteristics Indicating Effect of Increasing 
Rotor Resistance 



The capability of varying the speed torque characteristic by Insertion of 
external resistdnce In the rotor circuit Is the justification for use of the wound rotor 
motor instead of the squirrel cage type^ However, inqreasedt mechanical complexity 
associated.wl^h slip rings, an actual winding, etc. result in a design that is more 
expensive than the simple squirrel cage configuration. ^ 

It is possible by the proper choice of external resistance to cause the 
motor to develop maximum torque at a ^ = 1.0, i.e., on starting. Wound rotor 
motors are sometimes specified for this purpose. /v\ore often tNey are U^llzed 
to increase circuit impedqnce and limit* Inrush current on starting, when r2/^'ls a 
minimum and consequently when total circuit Impedance Is at its lowest value. 
The current for any value of slip, a , can be calculated from the equivalent circuit. 

r2 

Since (X] ^ >> R] ^ — when o = 1, the inrush current on start is very nearly 
in quadrature with the Voltage. In a typical squirrel qa^e machine its value will be 
5-7 times that of full load running current. Since this may result in undesirable 
voltage fluctuations in the supply' circuit, either additional rotor resistance or 
starting on reduced voltage may be required. Section VM.8 deals with starting 
problems. 

The variable speed torque characteristic of the wound rotor motor can be 
used to obtain a variable speed drive capability from a machine energized from a 
constant voltage-constant frequency alternating current system. This useage was 
greater before the advent of power semiconductors capable of supplying d.c. for a 
^hunt d^^c. motor or for ol?taining variable frequency a.c. drive. This will be 
discussed in Section VII. 7. The disadvantage of operating an induction motor at 
high values of slip can be visualized when one consider? ^^that the power, 
transferred to the rotor from the stator is:' 



o 2 '2 
g 2 o 



(VII-100) 
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Th« |>ower oot|iu^ P_, li, from (VII-92) 



1 • 



2^ r2 



(VII-92) 



W is: 



The raHo of Pcv^g ° measure of the efficiency of lh 4. rotor circuif-. 



or 



p~ = 1 - o 
9 



(VII-101) 



(VII-102) 



, One can readily see \\\q\ operaHon q\ high slip Is InherenHy Inefflclenf and 
may quite cosHy for motorj^of large size. Indeed there have been several schemes 
utilized to convert this, rotor power bock into power at stator froquimcy and pump it back 
ifito this stator supply circuit, Theie schemes will not be discussed hero but descriptions 
of them are available in the literature. In addition to t he economic penalties 
associated with operation at high slip one must consider the thermal limitations that arise. 



The rotor copper loss, P^^,, Is the difference between P and P^, Thus 



cu 

P 



p - p 



(VII-103) 



Using (VII-102)^ we find P as a function of power across the air gap and slip as: 



p . « a p 



(VJM04) 



Most motors rely, on alr^forcad through the air gap by fan blades located on 
the rotor to remove heat froni the? rotor. ^Af high slip, mdre losses exist In the rotor but 
the rotor is running at reduced speed and Is less capable of heat removal thanit Is when 
rotor losses are less] Most motors for variable speed operation will be derated as far 
OS power output Is concerned when operated at reduced speeds. ' 

To calculate efficiency^, we must first categorize the . losses. These losses 
are added to the output to obtain the input. The efficiency is then calculated as: 

•"outT'^^ ' - losses 

% efficiency = -^T^ )^ 100 ^ {-^^—^ ) 100 

*^:r. ^ in 



in 

out ^ ... 

w 



(vihios) 



216 

In genarol, fhero are four losses to consider: 

2 ' 

1) the I r, or copper losses. These ore self explanatory and are 

given as S. I2^(R^ + for the machine. 

2) mechanical losses are those associated with mechanical frlctbn 
(bearings) and windage loss. 

3) no load (core) losses . These losses arise from the time varying 

flox densities In the iron. They ore dependent upon the maximum value 
of flux density and are substantially constant when the Impressed voltage 
and frequency ore constant. 

^ 4) stray load losses. These losses result from non-unlfprm current 
distribution In the cpnductors>a'nd additional core loss produced In the 
Iron'by distortion of flux due to load current. 

Oft times the no load and stray load losses are lumped together and classified 
as "electrical constant" losses. For normal operation of the machine near synchronous 
speed (low. slips) the mechanical i^ses are also considered constant although they vory 
with the 2nd or 3rd power of speed tn practice. If we define: 

= stray load losses 

= core losses \ 

^ ^ , ' % ' 

P^ = mechanical losses 1 

pow^r converted to mechanical form = 3 \2^2^ ) 

(this includes the mechanical losses) 

and 

• P^^ = copper losses = 3 1^^ (Rj + r2) 
we can calculate efficiency, ri/ as follows: 

^ . Ps t Pc + Pm + Pcu > 

V= - p + P + P + P ' + )^00 , (VII-106) 
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VII. 5 A N APPROXIMATE EXPRESSION FOR TORQliE; The expression for torque (VII-96) 
requites a* knowledge of the machine parameters which can be obtained by farlly straight 
forward test procedures. However, the size of the RXichlne, or the fact that the machine 
is not available for test at the tim* of an analysis make preclude such tests. An approximation 
to (VII-96)' has been found to be very useful and is based on data which can be estimated 
rdther easily. 



if yf Qttm* rtwt R^V <<(X^ + X2>'and ntgUot Rl, (VII-98) becomM 

'2 



(VU-107) 



and, from (Vlh99): 



.2 



from (VH-96): 



3 V 2 r/ri 



(f) - (X, ^ x/ ' I 

SuUfUutlng X. + = —"fromlvil-lO?) Into (VII- 108,- 109) %nd dividing 
(VII-109) by (VII-108) yields: 



2T^ 



T = (VII-110) 



flL_ + jh 



1 

Thiis If know fhe maximum (also called bregkdown) torque and th/e slip 
at which It ocqurs we con obtain on opproximote mathemoHcol expression for a$ a 
funcHon of slip, ^ • , ^ : 

VII. 6 MACHINE PARAMCTERS BY TEST; The IEEE Test Code, for polyphdte InducHon 
motors, '^SOO, gives complete InformaHon concerning Induction motor test procedures. This 
discussion will lihiit itself to the basic concepts of impedance determination. 

The stotor resistance, r^, can be measured by regular I R drop techniques using 
direct Currents • Then, If power, voltage and current are meosured at no load we can 
deternllne ^ ^] follows: 

Let P^j, \^ ^ ^nl power, current and voltage* At no load ^ 

a is very low and ^ is'ti'large number,, dpprodching « as o-^ 0. If a 0, the branch 

containing X^-jj shunted by an Infinite Impedance and the Impedance of .the porollet 
combination approCiches | X|2« We can calculates \ 

3 1 nt 



n t 
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fiftfm which: 

\t-°Aj -f^J <VII^I12) 
g as calculated from (VII-112) \i very nearly: 

^^ni ^ ^12 (Vll-n3) 

Now, If the rotor Is blocked so that It cannot turn, and Pgj^, Vg^ , I 
are power, voltage arid current readings taken at the terminals: 



3 l/ 



from which: 



V "l^^Bi - "et (VII-H5) 

This tost 4s made on reduced voltage (approximately 20% of roti»d) so that 
Ig Is near oomKil full lood current^ Now the branch, j X2 + r^o ° j X2 + S 
(since »= 1) Is shunted by X^. However, j X^j | + r, and we..y/lll assume 
that the impedance of the parallel combination approaches the frnp^dance r2 + j x«. 
This test Is similar to the "short circuit" test on a transformer. With the assumptions 
made: 



from which; 



3 Id . " 3 I. 



/ 2 2.,^ 
X, + X2 =^/Z^ - (r, + r2) (VII-llZ) 

T2 = k - r (Vll-nS) 



and 



At this point, an estimate of the ratio x |/x2 must be made. There are 
empirical values of this ratio available for different motor designs. For example, wound 
rotor motors and cage motors designed for normal starting torque-normal starting current, 
and cage type motors designed for high starting torqvje-high running slip have an empirical 
ratio X1/X2 - 1.0. On the other hand, the class of motor designed for normal starting 
torque-low starting current has a ratio ^^^/xo ~ .67. From'thls ratio and (VII-llB), a 
value for X| can be obtained. The value ,o^ \.and (Vll-1'f3) enables us to determine 
x^2'' Thus, all parameters can be obtalried. It should be emphasized that the test 
procedures given In IEEE '500 should be followed for accurate results. The procedures 
presented here are to yield Insight only. They f»re relatively unsophisticated. 
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Typlcol mofort have moxtmum torque voluet between 200 and 350% of rated 
torque values. Except In the ca«e of "high tllp" moton, this maximum torque usually 
occurs at a slip of 8-12%. "High flip" motors usually hove a maximum torque in excess 
of 300% with the maximum value occurring at slips' In excess of '60%. Storting torques 
range from 150-300% of rated torque volges (for startlr>g at rated voltage). The high 
slip motor usuqily has larger values of starting torque than conventional slip motors. 

t 

I- <, 

VIL7 ASYNCHRONOUS GENERATORS: Note from EquaHon (VM-96) fhaf If the tllp ^ 
Is negaHve the numerator changes sign whereas the denominator retains the positive sign 
because of the presence of slip In squared form* This means torque becomes negotlve 
and corresponds to generator action on the part of the asynchronous machine. This Is 
shown In graphic form In Figure Vll-^d. Physically the negative slip. I.e., slip less 
than 0, corresponds to a rotor speed greater than synchronous speed which meons practically 
that the rotor Is being driven so that It runs ahead of the synchronously rotating magnetic 
field. It should be noted that the rotating magnetic field In the polyphase Induction 
motor owes Its existence to the current supplied to the stator winding from the line and 
that there Is no other source of excitation In the machine. Tbi 5 means that If we are 
to operate the Induction machine as an asynchronous generator this supply of magnetizing 
current must continue to be available to the machine after the speed has passed beyond 
synchronous speed and the machine Is In a generating mode. In other words, a generator 
of this type is not self-exclting but must be operated In parallel with other generators, 
an electrical system, or static capacitors which are copable of supplying the machine 
wltfV exciting current. If the asynchronous generator Is operated In parallel with 
anotller system, or other generators, thei^ supply It with the necessary excitation 
at FlAed frequency. * 

[ ' ■ 

So long as the exciting current is supplied at fixed frequency (through the 
stator wind(ng) the frequency relationship between rotor wlrdlng and the mechanical 
speed of the rotor winding, will adjust to Insure that power at the supply frequency 
is maintained and supplied back to the stator. Thus the asynchronous generator can 
supply fixed frequency power back Into the system r egardless of feKd\ speed of the 
synchronous generator rotor. Practically, the range 6ver which OTpJsynchronous , 
generator can be operated varies from a slip of zero up to prpbaUlv five to eight percent 
negative. This In turn corresponds to very nearly rated torque of the machine and 
does not pose any special problem. 

It can be shown quite readily thbt the power factor of the power supplied 
by an o^ynchronous generator is fixed by the amojnt of power being supplied and by 
the constants of the machine. One can reason this out by considering that an 
Induction motor Is started in the usual way and is brought up to Its normal running 
speed which would be slightly below synchronous speed. The electrical Input from the 
supply will consist of the magnetizing current, which Is In quadrature with the ^oltage, 
and also the power component of current which is required to supply the rotational losses 
associated with the Induction machine and whatever Is on the same shaft. In order to 
have asynchronous operation we would have to assume that 'what Is on the shaft Is a 



2llO 



turbln« or drW« of torn* lorK If wt now Introduc* tn^ipy into th« turbln« fh% 
turbln« ip^^d wtl) tnor«<)i« ond lorn* of fh« Induction mooHIn* and thaft lotiM will 
b« ptok«d up by th# driving turbln« ond th« pow«r component of current for tbf 
Induction mochlnt from th« lourc* will d«cr«ai«. At torn* point, l.«./ wh«n w« go 
through z«ro tllp> th« pow«r component from th« iupply would fall to x«fx>» 
How«v«r, w« would itlll tdk« th« quadrature compontnt of current which It n«c«tiary 
to tupply th« •xcltotlon r«qulr«m«ntf of th« Induction motjhlne. At the sp««d of the. 
turbine It further Increated the torque, and power, become negative - which it to 
toy they are flowing from the atynchronout mochlne itotor back Into the line. 
However, the excitation requirement! remain tubttahHally conitonf; Thutr the 
power factbr of power tuppi led by the atynchronout generator 1$ determined by the 
load which It It tupplylng and the conttantt of the machine Ittelf, 

Induction machlrtet operating at generator* have a very limited field 
of utefulnett In electrical power tyttemt. The Inability to control the flow of 
reactive power It one of the reatont why they do have limited utefulnett. 
However, they do have some potltlve advantages which can be considered In an 
evaluation Involvlr^ asynchronous machines. One of the advantage* is the foct .^s-.. 
that on Induction, or asynchronous generator, does not have to be synchronized prior 
to connecting It Into the system as does a synchronous machine. The machine can 
be connected to the system and running at no load for an Indefinite period of time. 
It is instantly available for supply and emergency overload because all thdt U 
necessary Is to adri>lt energy Into the prim* mover connected to the some shaft. 
Also, It Is suitable for high speed operation because of the slmplclty and ruggedness 
of the rotor construction and since its voltage and frquency are controlled by the 
electrical system with which It Is paralleled. It requires no attention to the synchronizing 
problem. Therefore It il suited to automatic or Isolated hydraulic plants controlled 
from remote locations. There 1$ no hunting, or oscillation problem, because of the 
asynchronous property of the machine itself. If the machine Is short circuited the 
voltage at the terminals of the machine will drop which will reduce the excitation 
and will limit the short circuit cun-ent. If a dead short circuit occurs at the terminals, 
there will bo a transient short-circuit cun-ent but the steady state value of the short 
current has to be zero because there Is no e>^cltat|o'n In the steady state short circuit 
• condition. If an Induction motor Is used to lUwer something like an electric locomotive, 
a citine hoist, etc. which has the copabl llty of running at a speed greater, tlian zero 
slip, the Induction machine Is ovollable as a generator If the speed does go above 
synchronous speed and thus It con provide a regenerative braking action where required. 

It should be noted that Vhe goveifnor required for a prime mover which Is 
to drive an asynchronous generator must be different from the governor and control 
system for a synchronous generator drive. TM$ l» so because provision must be made 
for varying the speed of the asynchronous machine In order to rrKike It assume the 
desired amount of real load. 
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VM.8 STARTI NG PRQ BIEMS: Rofaronce to the equivalent circuit for the Induction 
mochlne with tllp equal to 1, I.e.,. the rator stationary indicates that minimum Impedance 
exists In the circuit to limit the current Into the machine from the supply circuit. Under 
normal conditions, wherein the rotor 1$ free to turn, torque developed will immediately 
accelerate the rotor and, os tl^e rotor occelerates and the slip decreases, the Impedance 
Increases and Current decreases continuously until the steady state running condition 1$ 
reached. Thus the current In-rush Is a transient condition and does not persist any 
longer than the time required for the motor to ac<;elerate from standstill to near 
rKJrmal running speed. However, this In-rush current can be on the order of five to 
eight times normal running current and can create a problem for the electrical system 
supplying the motor. This high current can cause excessive voltage dips on the circuits 
supplying the motor, resulting In light flicker for lighting loads and It Introduces the 
possibility of magnetic contactors connected to the system becoming deenerglred and 
dl $conn©ctlng other connected loods. It is necessary. In an application of a relatively 
large induction motor, to examine carefully the effect that the motor starting will 
have on the rest of the system. 

The basic problem Is to reduce the in-rush current if Its magnitude will be / 
objectionable. This can be done either by inserting additional impedance In the circuit, 
external to the stator or In the rotor, or to reduce the voltage applied to the mptor 
during the start. 

If the motor Is a wound rotor type. Insertion of external resistance In the 
rotor circuit is relatively easy and,. this serves not only to limit the current but also the 
amount of resistance can be selected to yield very high torques under the starting 
condition (refer to VM-98). If the rotor is a squirrel cage rotor the additional external 
impedance must be placed In the stator circuit. This serves to limit the current but 
It also results In reduced voltage across the motor stator and It should be recalled tfxat 
the totque developed Is proportional to the square of the applied voltage. Use of a 
transformer to provide reduced voltage on starting will reduce the In-rush current but 
It also reduces the available torque. It will be shown below that the torque reduction 
is much less" than the reduction suffered with Inserted impedance for the same reducf|Dn 
in current from the su^^ply. 

Consider a motor with locked rotor impedance, Z^, of 0.20 p.u. When 
1.0 p.u.. voltage is applied, a starting current of 5.0 p.u. results. Suppose It Is 
desirable to reduce this current to 2.0 p.u. Total circuit Impedance, which Is the sum 
of and Z^, external impedance, must be: 

-7 7 KO^ ^ 

^m * ^e " r~ 2.0 P-""- 

from which Z^ ^ 0.5 - = 0.5 - 0.2 = 0.3 p.u. 

The voltage across the motor, i.eCTthe volfaqe across Z Is: 

^ . m 



(Vll-ll?)/ 
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Sine* TawsV^^ the starHng tor(/u«, under thl$ condUton", li: 

T, - (0.4)2 T^^^ » 0.16 T,f^ p.u., . ^ (VII-120 

where T^f^ torque developed wlfh "full", or rated, voltage starting. 

•\ 

Suppose an autp transformer was Inserted be^een the supply, V 1.0, 
and the motor. Let the turns ratio of the auto transformer be: 

^) 

where N, > (VII-122) 
N2 ^ 

The motor would have an apparent Impedance, Z^, to t he source of; 

N, 2 

Z' =(— ) Z (VII- 123) 

N2 

If the "apparent value" was O.S^p.u. the starting current (from the source) 
would be 2.0 p.u. Thus from (Vll-123): 



ljo,2 



5 

2 = 1.58 (VII- 124) 



The voltage across Z would be, from (Vll-123): 

m 

•^210 

V2 = " 138 " (VII-I25) 



and the starting torque Is: 



T, = (0.632)^ = 0.4 T^^^ p.u. (VII-126) 



Compare this value with that obtained by external reactance starting, i.e., 
(VII- 121) which results in the same value of starting current drawn from the supply! Of 
course, an autotransformer costs more than o simple impedance but it may be necessary 
to spend the extra money In order to have the additional starting torque on starting for 
a given supply In-rush current restriction. 



VH.9 VARIABLE FREQUENCY OPERATION: Variable speed motors are widely used in 
Industry'! One reason For the widespread utage of the d.c. shunt motor Is the ease with 
which it tan varied In .speed. This usage Is In spite of the relatively high mointanonce 
associated with the brushes on the d.c. machine. Improvements In power semi con dllctor 
technology have made possible variable frequency supply from fixed frequency sources. 
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Stnc«, In InducHon or synchronous machines, spaed Is determined from the applied 
frequency, the availability of variable frequency mokes the Induction motor a serious 
oo|iipetltor to the d.c. shunt machine In variable speed applications. A varlab|e 
frequency Inverter Is certainly more complex and expensive than on a.c. to d.c 
vqriable voltqgf converter but the rugg^dnen and cost of the squirrel cage Induction 
motor Ore attractive enough to often offset the additional cost of the power supply. 

Several ttmplifylng a$sumpHons will be mode tn the analysts of an 
otynchrc^us machine subfecf to variable frequency « These assumptions will be 
detailed a$ the derivation proceedt. 



Figure (VII -8) portrays the equivalent circuit of an asynchronous machine 
with all variables in the rotor referred to the stator, and both stator and rotor qu^tltles 
at stator frequency, ^ ^ 




Figure VII-8, Induction Motor Equivalent Circuit 



The power transferred to the rotor is: 



2 

; , (7-) M ^1/ 

% ^2 1 

= -f-TV-)^ 2 ) ^ - ^ 28) 

L2 r 

— _ + 1 

Now, the rotor frequency, or electrical angular velocity, to,.. Is given by: 

w^=oa) (VII -129) 



ond w« will (kfln« a f{m« constant, t ; 



(711-128) becomei: 



9 



V 



(VII-130) 
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(VII-131) 



l,f vT « ty4>cl«t>ix»utii.^jjM^ the air gap to the rotor: 



T * (~V 



(VII-132) 



SInbe mechanical ajigula^ velocity = wher^ P/2 * number of pair* of poles. 

With (VII- 131), (VII-132) becomes: 



TO) 



P 



4 1 ^T^2' 2 
r 

To normalize the torque, we will determine, w j., for maximum torque. Thus: 

E 2 {} + x^^)x^xta (2t2 w) , 



(VII-133) 



^=(^)(-^) (p-)'^ 
r 2 



(1 +t 



} « 0 



(VII-134) 



Solving for ^ indicates fhat maximum forqua occurs when: 



r T 



(vir^^iJs) 



T^, i$ determined as 



If fhe value of «*>^ fropi (YII-135) Is subHtuted in (VII-133), maximum torque, 



m o "T: 

^2 



(VII- 136) 



Substiuting, from (VII-136): 



(0 



2 - 2 T„ 
2 



(Vll-137> 



225 



Into (Vll>)33) yUlds: 



2t 



b> 



^ 1 +T 



(VII-138) 



Wtt tee tKat maxtmum tort|uft is {ncl«p«ndent of r2 (ot shown previously) 
and occurs of 



1 

(i) 3S — rc 



(VII-139) 



Since / we find thaf maximum forqu^i bccors at a slip, o^, of: 



^ m wL^ 



Contrast this with the value ofo^ from (Vll-98), i.e.. 



(VI I -140) 



o = 
m 



•"2 



(Vll-98) 



frj + (L, + L 



2 2 



(L^ + Lj) 0) 



The difference between (Vll-98) and (VII-140) is that r], dre 'neglected'. 
This Is another way of sayfng that = V^. In the expression above, tw^. is normalized 
slip. (VII-138) in normalized form is plotted In Figure VII-9. 
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Figure VII-9. Normalized Torque Frequency CharacterliHc 
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A funcbmenta) rolaHonthtp of an aiynchronbui machtna \% thah 



0) - w - w (VII-141) 

it! . 

where rotor speed ff\ elec circuit rod/sec. ^ ' 

From (VII^-139) and (VII-141) moximum forque Is prbduced when the machine 

1 

= w - - (VII-.142) 



speed It: 



Also, of couree, this equoHon indicates that the motor can be adjusted -to 
yield maximum torque at any desired speed ^ Including zero, If. the drive frequency 
or stator frequency is set at: - ' ' ' 

~1 



U) ^ T 



. f = 2, . < (VM-U3) 

The purpose of the derivations? Involving yarioble frequency operation is to permit 
us to visualize a drive system wherein either torque, T, or motor speed, con be varied 
(as desired) between zero and maximum. It will be assumed that the drive system includes 
a three phase source at constant frequency powering a squirrel coge mptor ^ith a small 
tachometer generator mounted on the shqft. The tachometer generator in its simplest form 
would be a permanent magnet excited gene.rotor with the same number of poJes osthe 
induction motor. Theoutput voltage and frequency are proportional to the Induction 
motor speed. The output is rectified to yield a dc voltage proportional . to speed, (o . 



m 



A solid state frequericy converter accepts the fixed frequency power from the 
three phose source and converts in into power at a specific frequency and voltage as 
determined by fhe control circuitry. 

The power output from the frequency converter is impressed upon the 
induction motor. Note that both frequency and voltage must be controlled because, 
for on a.c. device the volts/cycle must be held constont for constant flux density 
(r^fer to equation (11-30). 

Two possible inputs are desired speed or desired torque. 

We, will examine a system based on maintaining constant torque. From 
•^VII-138) we can solve for a value of rotor angular velocity ' corresponding to a desired 
torque . Thus 

T^ /tTT 



0) 



1 (t\ A. / m^ 

r = 7(T "V^r^ - (VII-144) 



An analog circuit for obtaining is as shown in Figure VII-10. 
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Figure VII- lO, Antilog Circuit fo Obtain^ ^ from T Desired 



Tl;ie - sign in (VII-144) corresponds fo values of tu)V^< ] or il UO. 
Normal operc/Hng range for inducHon motor is for rw r _<1.0, >herefore the minus sign 
is cljosen. /^r added fo fhe actual signal proportional to motor speed* This 
yieldj(, from (VI I -141), a signal corresponding to desired stator frequency. This analog 
signal Is converted to digital form and compared with the digital value of actual 
converter frequency. The difference is used to increase or decrease the gate pulses 
to the converter. Similarly, the actual volts/cycle output Is qompqred to a reference 
value based on the machine design, digitized and used to raise or lower the output 
vo^ltoge of the converter. 



A simplified block diagram of a converter Is shown in Figure VII-11. 
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Figi/re Vll-il, Variable Spe.d Drive, Constant Torque Confrol 

/ 



228 



Th« tp«e<i torque oharacterfitlc of this \yp% of drive It oi shown In 
Figure VII-12. 
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Figure VII-12* Speod-Torque^ChdracferlsHc 



Details of fhe recHfier-lnverter and the gating circuits are not developed 
ih this text* Also^ of course, various sophistications of circuitry and comblnlog^of^.^ 
device funcHons are possible* The system Is shown only In outline form to Indicate 
possiblllHeSe 
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APPENDIX 11 
Unlft Conv«nton MulMpllerf and Conikints 



V ' 

1 mefer * 3.281 f««f » 39.37 Inches 

Maw - 

1 kilogram = 2.205 lb. 

- Force - 

1 newfon = 0.225 lb. 

^ - Torque - 
1 newfon-mefer = 0.738 ft. -lbs, 

- Energy - 
1 joule ^ 1 wan-sec ^ 0.738 ff.l 




1 waff = 1.341 x/TO horsepower \ 

- Momenf of Inertia - 
1 Iciiogrom-mefer^ = 23.7 Ib.-ff.^ 

- Magnet RelciMonship - 
1 ampere tum/mefer = 0.0254 ampere fum/lnch 
1 weber/mefer^ = 10000 gauss ^ 64.5 kllolines/inch^ 
1 weber ^ 10® maxwells \ 10® Jlnes ' ^ 

■ ""^ 7* 

PermeabflUy of Free^Space =m 4fr x 10 weber/ampere furn mefer 
PermifHvlty of Free Space = - 8.854 x lO"^^ coulombVnewfon mefer^ 
Gravity Vfecf = g = 32.2 ff./sec.2 = 9.807 mefer/8ec2 



